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We reduce C R-structures on smooth elliptic and hyperbolic manifolds of C R-codimension 2 
to parallelisms thus solving the problem of global equivalence for such manifolds. The parallelism 
that we construct is defined on a sequence of two principal bundles over the manifold, takes 
values in the Lie algebra of inhnitesimal automorphisms of the quadric corresponding to the 
Levi form of the manifold, and behaves "almost" like a Cartan connection. The construction is 
explicit and allows us to study the properties of the parallelism as well as those of its curvature 
form. It also leads to a natural class of "semi-Eat" manifolds for which the two bundles reduce 
to a single one and the parallelism turns into a true Cartan connection. 

In addition, for real-analytic manifolds we describe certain local normal forms that do not 
require passing to bundles, but in many ways agree with the structure of the parallelism. 



Introduction 



We start with a brief overview of necessary definitions and facts from CR-geometry (see e.g. |[Tul 
for a more detailed exposition). 

A CR- structure on a smooth real connected manifold M of dimension m is a smooth distribution 
of subspaces in the tangent spaces T£(M) C T p (M), p G M, with operators of complex structure 
J p : T p c (M) -> T p c (M), = that depend smoothly on p. A manifold M equipped with a 
CR-structure is called a CR-manifold. It follows that the number C-RdimM := dime T^{M) does 
not depend on p; it is called the C R- dimension of M. The number C-RcodimM := m — 2CRdimM 
is called the C R- codimension of M. C-R-structures naturally arise on real submanifolds in complex 
manifolds. Indeed, if, for example, M is a real submanifold of C , then one can define the distribution 
T p c (M) as follows: 

T p c (M) :=T p (M)niT p (M). 

On each T£(M) the operator J p is then defined as the operator of multiplication by i. Then 
{Tp (M), Jp} P £M form a C-R-structure on M, if dime T£(M) is constant. This is always the case, 
for example, if M is a real hypersurface in (in which case C-RcodimM = 1). We say that such a 
CR-structure is induced by C K . 

A mapping between two C-R-manifolds / : Mi — > M2 is called a C R-mapping, if for every p e M±: 
(i) df{p) maps T^(Mi) to Tj?^(M 2 ), and (ii) df(p) is complex linear on T p (Mi). Two C-R-manifolds 
Mi, M 2 are called CR- equivalent, if there is a C-R-diffeomorphism from Mi onto M 2 . Such a CR- 
diffeomorphism / is called a C R- isomorphism. 

In this paper we are interested in the equivalence problem for C-R-manifolds. This problem can 
be viewed as a special case of the equivalence problem for G- structures. Let G C GL(m, M.) be a 
subgroup. A G-structure on an m-dimensional manifold M is a subbundle Q of the frame bundle 
F(M) over M which is a principal G-bundle over M. Two G-structures Q\, C/2 on manifolds Mi, 
M2 respectively are called equivalent, if there is a diffeomorphism / from Mi onto M2 such that the 
induced mapping /* : F(Mi) — > F(M 2 ) maps Q± onto C/2- Such a diffeomorphism / is called an 
isomorphism of the G-structures. A C-R-structure on a manifold M of C-R-dimension n and CR- 
codimension k (so that m = 2n + k) is a G-structure, where G is the group of linear transformations 
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of C n ©M fc that preserve the first component and are complex linear on it. The notion of equivalence 
of such G-structures is then exactly that of G-R-structures. 

E. Cartan developed a general approach to the equivalence problem for G-structures (see |Et 



that works for many important examples of G-structures. We will be looking for a solution to the 
equivalence problem in the spirit of Cartan's work. Namely, we will be trying to reduce the CR- 
structure in consideration to an {e}-structure, or parallelism, where {e} is the one-element group. An 
{e}-structure on an iV-dimensional manifold P is given by a 1-form u on P with values in M. N such 
that for every x G P, u(x) is an isomorphism of T X (P) onto M. N . The problem of local equivalence 
for generic parallelisms is well- understood (see [(5t|). 

Let C be a class of manifolds equipped with G-structures. We say that G-structures on manifolds 
from C are s-reducible to parallelisms if for any M G C there is a sequence of principle bundles 

pS ^ ^ p2 ^ pi 7T^ jy- 

and a parallelism u on P s such that: 



(i) Any isomorphism of G-structures / : M\ — > M 2 for M\, M 2 G C can be lifted to a diffeomorphism 
F : P x s -> P 2 S such that F*u 2 = u x ; 



(ii) Any diffeomorphism F : P{ — > P 2 such that F*u 2 = (jJ\, is a lift of an isomorphism of the 
G-structures / : M x -> M 2 , for M h M 2 G C. 



In the above definition we say that F is a lift of / if 

it\ o . . . o 7r 2 o F = f o rc\ o . . . o 7rJ. 

From now on we will concentrate on solving the equivalence problem, in the sense of reducing 
to parallelisms, for G-R-structures of certain classes C that we are now going to introduce. Let 
M be a Gi?-manifold. For every p G M consider the complexification T£(M) ®m C. Clearly, this 
complexification can be represented as the direct sum 

T p c (M) ® m C = T^°\M) © T^\M), 

where 

T^°\M) := {X — iJpX : A G Tp(M)}, 
T^ X \M) := {X + iJpA : A G T p c (M)}. 

The Gi?-structure on M is called integrable if for any local sections Z, Z' of the bundle T( 1,0 )(M), 
the vector field [Z, Z'] is also a section of T( 1,0 ^(M). It is not difficult to see that if M C C K and 
the G-R-structure on M is induced by C^, then it is integrable. In this paper all G-R-structures are 
assumed to be integrable. 

An important characteristic of a G-R-structure called the Levi form comes from taking commu- 
tators of local sections of T^(M) and T^(M). Let p6 M, z,z' G 2j 1,0 )(M), and Z, Z' be local 
sections of T^(M) near p such that Z(p) = z, Z'(p) = z'. The Levi form of M at p is the Hermitian 
form on T^(M) with values in (T p (M)/T£(M)) ® R C given by 

C M (p) (z,z'):=i [Z, Z 7 ] (p) (mod T p c (M) ® M C) . 

The Levi form is defined uniquely up to the choice of coordinates in (T p (M)/Tp(M)) ©u C, and, for 
fixed z and z', its value does not depend on the choice of Z and Z'. 



Let H = (H h . . . , H k ) : C n x C n -> R k be a Revalued Hermitian form on C n . We say that H is 
non- degenerate if: 



(i) The scalar Hermitian forms Hi, ... , Hk are linearly independent over R; 

(ii) #(2, z 7 ) = for all 2' G C n implies 2 = 0. 

A Ci?-structure on M is called Lei>z non-degenerate, if its Levi form at any p G M is non- 
degenerate. In this paper we consider only Levi-nondegenerate manifolds. 

For any Hermitian form H there is a corresponding standard C-R-manifold Qh C C n+fc of Ci2- 
dimension n and CR-codimension k defined as follows: 

Q H := {(z,w) : Imw = H(z,z)}, 

where z :— (z\, . . . , z n ), w :— (wx, . . . , Wk) are coordinates in C n+fc . The manifold Qh is often called 
the quadric associated with the form H. Clearly, the Levi form of Qh at any point is given by H. 

An important tool in all the considerations below is the automorphism group of Qh- Let 
AvX(Qh) denote the collection of all local C-R-isomorphisms of Qh to itself that we call local CR- 
automorphisms. It turns out that, if H is non-degenerate, then any / G KvX{Qh) extends to a 
rational (more precisely, a matrix fractional quadratic) map of C n+k ||KT]| , 0, |[Tu2| , |[ES5|| . Thus, 
for a non-degenerate if, Aut(Qif) is a finite-dimensional Lie group, and we denote by Aut e (<5jj) its 
identity component. Note that Qh is a homogeneous manifold since the global CR- automorphisms 

Z I — > z + z°, 

W I — ► W + U7° + 2Z#(2,Z ), (0.1) 

for (2 ,u; ) G Qh, act transitively on Therefore, it is important to consider the isotropy group 
of a point of Qh, say the origin, i.e. the group of local CR- automorphisms of Qh preserving the 
origin. We denote this subgroup of Aut (Qh) by Aut (Q#) and its identity component by Aut 0te (Q H )- 
We also introduce the group Autjjn(Qir) C Aut (Q H ) of linear automorphisms of Qh and its iden- 
tity component Autu nje (Q h) ■ All these groups are finite-dimensional Lie groups. We call a Levi 
non-degenerate CR-manifold M weakly uniform, if for any pair of points p, q G M, the groups 
Autiin !e (Qc M (p)), Autu nte (Qc M (q)) are isomorphic, and the isomorphism extends to an isomorphism 
between Aut 0je (Qc M ( P )) and Aut , e (Q,c A/ (<,)). 

Let H 1 , H 2 be two Revalued Hermitian forms on C n . We say that H 1 and H 2 are equivalent, if 
there exist linear transformations A of C n and B of R fc such that 

H 2 (z, z) = BH 1 (Az,Az) 

for all z G C n . We call a CR-manifold M strongly uniform, if the forms jCm(p) are equivalent for all 
p G M. If, for example, M is Levi non-degenerate and CRcodimM = 1 then M is strongly uniform. 
Clearly, for a Levi non-degenerate M, strong uniformity implies weak uniformity. 

Existing results on the equivalence problem for CR-structures treat two large classes of Levi- 
nondegenerate manifolds: (i) strongly uniform manifolds and (ii) weakly uniform manifolds, for 
which, in addition, the groups Aut (Q£ M ( p )) are "sufficiently small"; in particular, Anto(Qc M (p)) = 

Autli n (Qc M (p)). 

E. Cartan ||Ca|| solved the problem for 3-dimensional Levi-nondegenerate CR-manifolds of CR- 
dimension 1 (such manifolds are, of course, strongly uniform). Tanaka in 1967 obtained a solution 
for all Levi-nondegenerate strongly uniform manifolds ||Tal|| , but his result became widely known 



only after the Chern-Moser work in 1974 ||CM|| where the problem was solved independently for Levi- 
nondegenerate manifolds of CR-co dimension 1 (see also |[Ta2| , 0]). We note that although Tanaka's 



pioneering construction is very important and applies to very general situations (that include also 
geometric structures other than CP-structures), his treatment of the case of CP-codimension 1 is 
far less detailed and clear than that due to Chern and Moser (see [|K| for a discussion of this matter). 
For example, Tanaka's construction gives 3-reducibility to parallelisms, whereas Chern's original 
construction gives 2-reducibility and even 1-reducibility JB3J. The structure group of the single 
bundle P — ► M that arises in Chern's construction, is Auto, e (<3i/) (or, alternatively, Auto (£?#)), 
where if is a Hermitian form equivalent to any of Cm{p), P £ M and the parallelism uj takes 
values in the Lie algebra of infinitesimal automorphisms of Qh (we denote it by qh). This algebra 



is the Lie algebra of the group Aut(Q#) and is well-understood (see [pa] , pi| ); in particular, q h 
is a graded Lie algebra: qh = ®\ = _ 2 Qhi where the components q h , g H are responsible for non- 
linear automorphisms. In Tanaka's construction, however, the parallelism takes values in a certain 
maximal prolongation g H of ©° = __ 2 0^; the coincidence of qh and qh is not in general established 
(see Section 5 for a discussion). Further, it is shown in ||CM|| (see also ||BS|| ) that the parallelism u 



from Chern's construction is in fact a Cartan connection, i.e. changes in a regular way under the 
action of the structure group of the bundle. Namely, if for rj G Auto, e (Q 'h) , L v denotes the (left) 
action by rj € Auto, e (Qi?) on P, then L*u = Ad(r])u, where Ad is the adjoint representation of 
Aut e (Qn) on qjj. It is not clear from [ [Tal|| (even in the case of CR-co dimension 1) whether the 



sequence of bundles P 3 — > P 2 — > P 1 — > M there can be reduced to a single bundle and whether the 
parallelism defined on P 3 behaves in any sense like a Cartan connection (see, however, later work in 
EH! , OH ). Being more detailed, Chern's construction also allows one to investigate the important 



curvature form of u, i.e. the 2-form Q := duo — ^[oj,u\ and find its precise expansion. It also can be 
used to introduce special invariant curves on the manifold called chains that turned out to be very 
important in the study of real hypersurfaces in C . These and other differences between Tanaka's 
and Chern's construction motivated our work. 

The results in [ jUa|| , | Tal | , ||CM|| , in particular, solve the equivalence problem for Levi-nondegenerate 



CP-manifolds of CR- co dimension 1, thus we concentrate on the case of higher CP-codimensions. 



Certain Levi-nondegenerate weakly uniform CP-structures of codimension 2 were treated in |[La|| , 
[|M| . The conditions imposed on the Levi form in these papers are stronger than non-degeneracy and 
force the groups Auto(C/£ M ( p )), p G M, to be minimal possible; in particular, they contain only linear 
transformations of a special form (this of course implies that Sc M (p) = ^ ^ or k = 1,2). A similar 
situation for Levi non-degenerate manifolds M with CPcodimM > 2 and the additional condition 
CPdimM > (CPcodimM) 2 was treated in ||CM|| . A motivation to consider manifolds with Levi form 
satisfying conditions as in |M| (for CPdimM > 7), ||La|| , [ GtM | is that, in the considered situations, 



these conditions are stable, i.e., if they are satisfied at a single point p of a manifold M, they are 
also satisfied on an neighbourhood of p. Moreover, quadrics associated with Levi forms as in [Mj (for 
CPdimM > 7), | [La|| are dense in the space of all Levi non-degenerate quadrics. 

In this paper we consider the case CPdimM = CPcodimM = 2. This is one of two exceptional 
cases among all CP-structures with CPcodimM > 1 in the following sense: typically (in fact, always 
except for the cases CPdimM = CPcodimM = 2 and (CPdimM) 2 = CPcodimM) for generic 
non-degenerate Hermitian forms, the corresponding quadrics have only linear automorphisms @, 
[B2|| , [ |FS6|| . In the case that we consider, however, generic quadrics always have plenty of non-linear 
automorphisms. Any non-degenerate Hermitian form H = (H\, H2) on C 2 is equivalent to one of the 
following: 



H\z,z) 
H-\z,z) 
H°(z, z) 



(\zi\ + \z I ,Z X Z 2 + Z2Z1) 
(\Zl\ — \Z2\ , Z1Z2 + Z2Z1) 

(\zi\ 2 ,z 1 z 2 ~ + Z 2 Zi). 



These forms are called respectively hyperbolic, elliptic and parabolic. We will be interested in the 
case of strongly uniform C-R-manifolds whose Levi form is either at every point equivalent to the 
hyperbolic form, or it is at every point equivalent to the elliptic form. We will call such manifolds 
hyperbolic and elliptic respectively. Clearly, the conditions of hyperbolicity and ellipticity are stable: 
if the Levi form of a CR- manifold M at p G M is equivalent to the hyperbolic or elliptic form, then 
there is a neighbourhood of p which is respectively a hyperbolic or elliptic manifold. Moreover, the 
collection of all hyperbolic and elliptic quadrics is an open dense subset in the space of all Levi non- 
degenerate quadrics of CR-codimension and CR-dimension 2. We denote the sets of all hyperbolic 
and elliptic manifolds by C 1 and C~ l respectively. 

The equivalence problem for hyperbolic and elliptic Ci?-manifolds is, of course, covered by 
Tanaka's construction in |Tal . Therefore, our main goal is to produce, in this particular case, 



a construction different from that in Tal , such that it would be more detailed and easier to use in 



applications. We achieve this by following the main steps of Chern's reduction in ||CM|| , although 
a great many things will have to be treated differently. Although we study just manifolds with 
CRdimM = C RcodimM = 2, the considered case possesses a rich structure: the groups Aut (Q#<s) 
are large in the sense that they contain substantial non-linear part (here dim(g^ a © q 2 h5 ) = 6 



We will formulate our main result in Section 1 and discuss it in Section 3; here we list just a few 
features of our construction and its applications: 

(i) We obtain 2-reducibility to parallelisms, i.e. sequences of two principal bundles P 2,s — > P 1,s — > M 
for M G C 5 . 

(ii) The structure groups of P 1 ' 6 , P 2 ' 6 are simply described groups G 1,5 , G 2 ' 6 , where G 2 ' 6 is a sub- 
group of Aut , e (Q h s ) i whereas in Tanaka's constructions the structure groups on each step are found 
as certain very special factor-groups of subgroups of Auto ie (Q#«)- 

(iii) The parallelism u s defined on P 2 ' s takes values in g H s rather than in the abstractly defined Lie 
algebra g H s as in [fl'al| . 



(iv) There is an explicit transformation formula for lj s under the action of G 2 ' s on P 2,s that shows 
that u s is not "too far" from being a Cartan connection. We also explicitly calculate the obstruc- 
tions for u s to be a Cartan connection. The obstructions are given by two scalar CR- invariants (i.e. 
C-R-invariant functions) on P 2 ' s , and we study manifolds for which these invariants vanish; we term 
such manifolds semi-flat. It turns out that the invariant theory on semi-flat manifolds is completely 
analogous to that in the case of Ci?-dimension and Ci?-codimension 1, if one substitutes in all the 
formulas scalars by matrices from a certain commutative algebra. 

(v) We calculate precisely the obstruction to 1-reducibility, that is, we can say when the sequence of 
two bundles P 2,5 — > P 1,s — > M can be reduced to a single bundle with structure group Auto^ e (Q H s). 
The obstruction is given by a single scalar Ci?-invariant on P 2 ' s . 

(vi) We obtain exact expansions for the curvature form of u s in terms of the components of uj s . 
This allows us, for example, to describe all Ci?-flat manifolds in much the same way as in the case 
of CR!-codimension 1: all such manifolds must be locally Ci?-equivalent to Qjjs. 



There is one more issue that does not seem to be tractable from Tanaka's construction and that 
in fact was a starting point for our work. Namely, we are interested in finding analogues of chains 
for C-R-manifolds of CR-co dimension > 1. In the case of Ci?-codimension 1, chains arise in ||C1VI| 



independently in the geometric construction as well as in the construction of the analytic normal 
form for a defining function of a real-analytic hyper surf ace in C K . In the geometric approach chains 
are the projections to M of the integral manifolds of a certain distribution on P that consists of 
parallel subspaces with respect to the parallelism. In the analytic approach chains are certain curves 
that locally become straight lines of a special form in normal coordinates. For some classes of real- 
analytic CR-submanifolds of C K of CR-codimension > 1 analogues of the Chern-Moser normal forms 
have been found in |[Lol|| , |KS2| -| ]FJS4|j . These normal forms have led to certain analogues of chains 



that are submanifolds of M of dimension equal to CRcodimM. However, they do not inherit all the 
properties of chains in the case CRcodimM = 1. In particular, translations along such chains do not 
preserve all conditions of the normal forms; in other words, such chains can be regarded as proper 
chains only at a single point (the center of normalization). The first motivation for the present work 
was the fact that we did not have any reasonable explanation to this phenomenon. Our initial idea 
was to construct proper analogues of chains (or to understand why such construction is impossible) 
by using a reduction of the CR-structure to parallelisms rather than normal forms. Our approach 
to some extend clarifies the matter. Namely: 

(vii) The construction leads to a certain distribution on P 2,s (that we call the chain distribution) 
which is analogous to Chern's distribution. However, this distribution is not in general involutive, 
and thus does not in general have integral manifolds. It is worth noting that the obstructions for the 
distribution to be integrable exactly coincide with those for the parallelism to be a Cartan connection. 
In particular, the distribution gives proper chains (that we call G- chains) on semi-flat manifolds. 

Thus, the parallelism in general does not generate proper chains. However, there are many 
submanifolds of P 2 ' S whose tangent space at a given point is an element of the chain distribution. 
Most likely, the projections of a family of such submanifolds to M are the chains arising in |Lol|, 



2fl and thus are "chains at a single point" . It may be that in applications one should be content 



with considering the chain distribution itself without trying to integrate it, that is, with considering 
only "infinitesimal chains". 

The paper is organized as follows. In Section 1 we collect all necessary facts concerning the 
groups Ant e (Q H s), Auto (Off 5 )) Auto^Q/^) and the algebra q h s, 5 = ±1, and formulate our main 
result (Theorem 1.1). We prove Theorem 1.1 in Section 2. In Section 3 we discuss some corollaries 
of Theorem 1.1 and applications of the construction used in its proof; in particular, we introduce 
semi-flat manifolds as manifolds for which the curvature form of the parallelism behaves in some 
sense like that in the case of CR-codimension 1. In the real- analytic case, we also introduce so- 
called matrix surfaces as submanifolds of C 4 whose defining functions are given by power series of a 
special form. Matrix surfaces are examples of semi-flat manifolds, and it is very likely that semi-flat 
manifolds in the real-analytic case locally coincide with matrix surfaces. We conclude Section 3 by 
proving this statement for hyperbolic manifolds. In Section 4 we reintroduce local normal forms 
for defining functions of real-analytic hyperbolic and elliptic CR-manifolds in C 4 that are certain 
interpretations of the normal forms constructed in Lol |, [ ES2|| . These normal forms in many ways 



agree with our reduction process of CR-structures to parallelisms in the proof of Theorem 1.1. In 
particular, such normal forms independently define proper chains on matrix surfaces, and it turns 
out that these chains coincide with Cchains. We conclude the paper with Section 5 where we discuss 
some questions that arose during our work and that we consider important for a better understanding 
of high- co dimensional CR-structures. 

We would like to thank N. Kruzhilin and A. Tumanov for stimulating discussions and for showing 
us useful references. A significant part of this work was done while the second author was an 
Alexander von Humboldt fellow at the University of Wuppertal and the third author was visiting 



the University of Adelaide. The work was completed while the first author was visiting the Centre 
for Mathematics and Its Applications, The Australian National University. 



1 Preliminaries and Formulation of the Main Result 

Before we formulate our main result, we will discuss the structure of the groups Aui e (Q H s), Auto(Q#<5), 
Auto, e (Qjf 5 ) an d the algebra q h s, 8 = ±1. 

The groups Auto ie (Q H s) were explicitly found in | |ES1[ ] (see also | |B2| | for the case 5 = 1). One 
of the possible interpretations of the descriptions in [ ES1 |, ||B2j| is as follows. Denote by 2l 5 the 

a 8b 



commutative algebra of matrices of the form 

\ U Lb 

of 3 x 3 matrices U with elements from 21 5 such that 



, where a, b G C. Let SU (2, 1) be the group 



U 










E 



-IE\ 




V 2 



E 







— T 

u 



J 










E 



-IE\ 




V 2 



E 







where E is the 2x2 identity matrix, and such that det U = E. Let 2t 5 * denote the set of invertible 
elements in 2T 5 , Re2t 5 the set of elements of SI" 5 with real entries, and by Re2l 5 * the set of invert- 
ible elements in Ke^i s . It is shown in |[ES1 | that any element of Auto, e (<3#<0 can be viewed as a 
transformation of the form 

/ E 

-2iA __ C 0_ I I.I : 

V -{R + iAA) CA CC 



of the "projective space" Sl^P 3 := (2l 5 



2T 



a d )/2l 5 *, where A G 2l d , C G i? G Re2t d . To make a 



5* 



matrix of the form (1.1) belong to SU S {2, 1) we need to multiply it by a G such that aaCC = E 
and a 3 C 2 C = E. Note that this does not change mapping (1.1) as a transformation of Sl^P 3 . It is 
not difficult to show that such a a always exists and is unique up to multiplication by A G with 
AA = E, A 3 = E. We denote the set of such A's by VI s . A straightforward computation gives that 



21" 



[aE : a 3 = l}, 



21 1 



1 ±iV3 
±iV3 1 



{aE : a 3 = l}|j| 

Therefore, Auto, e (Q#<0 i s isomorphic to the subgroup of SU S (2, 1) of matrices of the form 



/ a 

-2iaA aC 
V -a(R + iAA) aCA oCC 



1.2) 



with A G C,a G 2l 5 *, 
matrices 



i? G Re2l 5 , aaCC = E, a 3 C 2 C = E, factorized by the subgroup Z 5 of 




with A G 2t 5 . Note that Z 5 is a discrete subgroup of SU S (2, 1). 



Analogously, the group of transformations of the form (0.1) is isomorphic to the subgroup of 
SU S {2, 1) of matrices 

/ E P Q + iPP \ 

E 2iP 
\ E ) 

with P G 2l 5 , Q G Re2l 5 . Since any element of Aut e (Q H s) is the composition of an automorphism 
from Auto, e (Q h s ) an d an automorphism of the form (0.1), it follows that Aut e (Q H s) is isomorphic to 
SU 5 (2, l)/Z s . Therefore, q h s is isomorphic to su s (2, 1), the Lie algebra of SU S (2, 1), which is clearly 
the algebra of matrices 

/X Y Z \ 

W -2ilmX 2iY , (1.3) 
V V -iW -X ) 

where X, Y, W G 2l 5 , Z, V G Re 2t 5 . 

Further, the group Aut ^ e (Q H s) turns out to be isomorphic to the group of matrices of the form 



( c- 










\ 




T 


c- 1 










T 





c- 1 





\ 


S 


iCT 


-iCT 


E) 



(1.4) 



where T G 21 5 , C G 21 5 *, S G ReSl 5 . The isomorphism that we denote by x S is given explicitly as 
follows: let an element r\ G Aut Qe (Q H s) be represented by matrix (1.2); then we set 



/ 


c^c' 1 















-2AC- l C~ X 


c- 1 












-2~AC- T C~ X 





c- 1 







V 




-2%AC- X 


2iAC~ l 


E 


) 



(1.5) 



It is straightforward to check that x 5 is a group isomorphism. 

The primary description of Auto, e (Q h s ) i n PS1|| was in fact given in terms of rational mappings 
of C 4 . In particular, it was shown that all automorphisms from Autu nte (Q H s) have the form 

z* = Cz, 

w * = CCw, (1.6) 



with C G 2t 5 *. Any element of Auto, e (Q_ff^) is then a composition of a rational mapping z* = 
z*(z,w),w* = w*(z,w), such that dz*/dz(0) = E, dw*/dz(0) = 0, dw*/dw(0) = E, and an auto- 
morphism of the form (1.6). It is also easy to see that the full group Aut (Q H s) has exactly two 
connected components, and that the second component is obtained by taking the compositions of 
mappings from Auto, e (Q.H"<0 ari d the linear automorphism 

w = 

Thus, automorphisms from Auto, e (Q h s ) are characterized among all elements of AutoiQu 6 ) by the 
condition det (dw*/dw(0)) > 0. 

We are now ready to formulate the main result of this paper. Let G 1,s be the group of elements 
of ReSl* 5 * of the form CC, C G 21 5 *, and G 2 ' S be the subgroup of Auto, e (Q_ff«) defined by the condition 
CC = E. 





THEOREM 1.1 Let M G C & be an oriented manifold. Then there are principal bundles P 1,s , P 2,s 

p2,8 TT^f p i,s *M M 

with structure groups G 1,5 , G 2,s respectively and a 1-form uj 5 on P 2,s such that at any point x G P 2 ' s , 
u s (x) is an isomorphism between T X (P 2 ' 5 ) and su 5 (2, 1), and the following holds: 

(i) Any C R- isomorphism f : Mi — > M 2 between oriented manifolds Mi,M 2 G C* 5 that preserves 
orientation, can be lifted to a diffeomorphism F : P^'" 5 — > P 2 2,<5 such that P*a; 2 = wf; 

(ii) Any diffeomorphism F : P 2,S — > P 2 2,<5 such that P*w 2 = ^i, is a lift of a C R-isomorphism 
f : Mi — * M 2 that preserves orientation, for Mi, M 2 G C 5 . 

Moreover, there exists an explicit transformation formula for u 5 under the action on G 2 ' 6 on P 2 ' 5 : 
if for i] e Aut 0j e(Q H ), L v denotes the left action of G 2 ' s on P 2 ' s by n, then L*uj s = Ad(n)u s + . . ., 
where Ad is the adjoint representation of Aut e (Q H s) on si/(2, 1), aud . . . denotes an error term (see 
formula (2.59) below). 



REMARK 1.2 The condition for the manifolds to be oriented is not important. Theorem 1.1 could 
be formulated for any manifold from C s , but then the group G 1 ' 5 would have to be replaced by 

G 1 ' 6 := [CC : C G 2l 5 *} U j ( J _i ) C ^ : C G * & * } ■ 

The group G 1,5 is disconnected. Thus, the bundle P 1,5 would have a disconnected fibre, and, for an 
oriented M, the bundle P 1 ' 5 and therefore the bundle P 2 ' 5 would be disconnected. To avoid these 
kinds of disconnectedness, we require the manifolds to be oriented. 



REMARK 1.3 Everywhere in this paper we assume manifolds to be C°°-smooth. However, an 
inspection of the proof of Theorem 1.1 below shows that it is enough to require only some sufficiently 
high, but finite, degree of smoothness. 



2 Proof of Theorem 1.1 

Let M be an oriented connected manifold from C s . We now fix 5 and drop it in all superscripts. For 
any p G M denote by M p the set of all pairs (9 1 , 6 2 ) of real linearly independent 1-forms defined in 
a neighbourhood of p such that: 



(i) T g c (M) = {X G T q (M) : 9\q)(X) = 6 2 (q)(X) = 0} for q close to p, 

(ii) There exist complex 1-forms oo 1 , uo 2 near p such that: for all q close to p they are complex linear 
on Tg(M); (9 a (q),Reu a (q),lmu a (q)) is a coframe, and near p the following holds 

d9 1 = A^+Suj 2 A ^) (modr), 

d9 2 = ifu 1 AZP + u 2 A^i) (mod0 Q ). (2.1) 



The integr ability of the CP-structure and the type of the Levi form imply that Wl p 7^ for any 
p G M. 

We define a smooth bundle P 1 — > M as 

P 1 : = 

where 50t+ is the set of pairs y := {9 1 (p) , 9 2 (p)) with (6> 1 ,6> 2 ) G 97t p such that the orientation that 
they define on the cotangent space T*(M) coincides with that induced on T*(M) by the original 
orientation of M. Clearly, P 1 so defined is a principal G^-bundle over M. We introduce fibre 
coordinates (a, b) on P 1 via the entries of CC: 




= CC. 



To construct the bundle P 2 — > P 1 we need the following technical lemma. 

Lemma 2.1 Let (6' 1 ,6' 2 ) G be such that (9 1 (p) , 6> 2 (p)) 6 Tien u; 1 ,^ 2 in (2.1) can be chosen 
so that the following holds: 

do 1 = aZ? + 5uj 2 aZ?) +e l + se 2 A(f, 
de 2 = i (u 1 a J 2 + uo 2 a U 1 ) + e l a <p 2 + e 2 a ^ + 

29 1 A Re (bnuj 1 + r 2 uj 2 ) + 29 2 A Re ^u 1 + nto 2 ) , (2.2) 
where 1 , 2 are real 1- forms and ri, r2 are smooth complex-valued functions near p. 

Proof. By Proposition 3.2 of Q we can assume that uj 1 ,^ 2 are chosen in such a way that 
dO 1 = i (u 1 AU 1 + 5u 2 AU 2 ) + 6 1 A <p r , 

d6 2 = ifu 1 aZ^ + uj 2 aZJ 1 ) + 9 2 A0 2 ', (2.3) 

where a ' are real 1-forms near p. Since (9 a : Recu", Imu") gives a coframe at every point near p, we 
have 

0"' = a^ + ^ + 6^F, a = 1,2, 

where a" are complex- valued and b® are real-valued functions near p. 
We choose the new forms uj a * as follows: 

i* i 
uj := a; , 

UJ 2 * := c 2 + ^(^-4)^ + ^K-^ 2 . 



It is now straightforward to check that under this transformation equations (2.3) take the form (2.2). 
The lemma is proved. □ 
Let 9 1 , 9 2 be the following globally defined tautological 1-forms on P 1 . For y := (9 1 (p), 9 2 (p)) G P 1 

set 

9~«{y) = (n u 9 a )(y), a = 1,2, 

where n 1 : P 1 — > M is the natural projection: 7r 1 (y) = p. We now define the bundle P 2 over P 1 as 
follows: the fibre over y G P 1 is the collection of all coframes at y of the form (9 a (y), Keu a , lmu a , cf) a ) 
such that: 



(i) u a = 7r to a (y), for some complex covectors co a at p that are complex-linear on T^(M); 

(ii) 0° are real covectors at y\ 

(iii) For some f a G C the following holds: 

dO l (y) = i ^cJ 1 At?+ <5cJ 2 A(?j + _1 (y) A 1 + <S0~ 2 (y) A 2 , 

d6 2 (y) = i (u 1 A uj 2 + uj 2 A u 1 ^ + 9 1 (y) A (f) 2 + 2 (y) A 1 + 

20 1 (y) A Re (bf^ 1 + r~ 2 cJ 2 ) + 20 2 (y) A Re (f 2 u l + ncJ 2 ) . 

The existence of such coframes follows from Lemma 2.1. 

From now on we will write an element of x G P 2 in the form: x := (9 a (y) , uo a , uj a , a ) . It is a 
routine calculation to verify that the most general linear transformation that, being applied to x, 
gives an element from the fibre of P 2 over y, is of the form (1.4): 



( E \ 

T C 0_ 

T 0_ C 

V S iCT -iCT E J 



(2.4) 



where T G SI* 5 , C G CC — E, S E ReSl 5 . The group of matrices (2.4) is isomorphic to G 2 by the 
isomorphism x defined in (1.5). Therefore, P 2 is a principle bundle with structure group G 2 . We 
will treat the independent entries of T, C, S as fibre coordinates. 

We now introduce globally defined tautological 1-forms on P 2 . Let x = (9 a (y),u a ,u a , <p a ) G P 2 . 
Then we set: 



9 a (x) 
uo a (x) 
4> a (x) 



= (tt 2 ^)(*), 
= (rr 2 *uJ a )(x), 
= (7r 2 *0«)(a;), 



(2.5) 



for a — 1, 2, where 7r 2 : P 2 — > P 1 is the projection: 7r 2 (:r) = y. To simplify notation, until the end of 
this section we drop hats in the forms defined in (2.5). These forms satisfy the equations 



d9 1 
d9 2 



i (u 1 A + 5lo 2 A U 2 ) + 9 1 A (f) 1 + 59 2 A 2 , 
% [lo 1 A Zj 2 + u 2 A U 1 ) + 9 1 A <f) 2 + 9 2 A 1 + 
20 1 A Re (tfncj 1 + r 2 cu 2 ) + 29 2 A Re (r 2 uo l + nu 2 ) , 



(2.6) 



for some uniquely determined smooth complex- valued functions r a on P 2 . 
Next, it follows from the integrability of the CP-structure that 

du a = u 13 A 0% + 9 13 A (i% 



(2.7) 



for some locally defined 1-forms (ftp, /ip. Differentiating (2.6) and plugging (2.6), (2.7) in the resulting 
expressions, we get 



iu 1 Auj 1 A [(f) 1 - 2Re (f)\) + iu 1 Au 2 A (6(f) 2 - 5(f)\ - (f>l) + 
iu 2 A a? A (5(f) 2 - 02 - <ty!) + ^u 2 A uj 2 ((f) 1 — 2Re (f) 2 2 ) + 



6 1 A (^-d(j) 1 + 2Re (ia\ A w 1 + ^ A w 2 + (nu 1 + 5r 2 uj 2 ) A 2 )^J + 

# 2 A |^-<M0 2 + 2Re A u 1 + A w 2 + tffau; 1 + r x w 2 ) A 2 )^) = 0, (2.8.a) 

iw 1 A w 1 A (0 2 - 2Re 2 ) + iw 1 A w 2 A (0 1 - 0} - 0f) + 
iw 2 A w 1 A (V - 2 - 0[) + iw 2 A w 2 _ 2 R e 0i) + 

6* 1 A ^-d0 2 + 2Re (ia,\ A uP~ + i/i} Aw 2 — (r 2 w x + nw 2 ) A 2 - 

Sdn Aw 1 - dr 2 Aw 2 - 5n(a/ A^}+w 2 A^ + ^ 2 A /i 2 ) - 

r 2 {uj 1 A 2 + w 2 A 2 + 6> 2 A /i 2 )^) + 4Re (Sr^ 1 + r 2 w 2 ) A Re (r^ 1 + nw 2 )^ + 

6> 2 A ^-c/0 1 + 2Re (V 2 Awi+^Aw 5 - (^w 1 + 5r 2 w 2 ) A 2 - 
dr 2 Aw 1 - rfr x w 2 - r 2 (w 1 A 0} + w 2 A 2 + 6 1 A /i}) - 
nfw 1 A 2 + w 2 A <pl + A uj)) ) = 0. (2.8.6) 



Lemma 2.2 There exist 0^ satisfying (2.7) such that the following holds 

He0} 



V, 

Re0 2 = ^0 2 , 



-Re 2 = ^0 X - Re (piw 1 + p 2 w 2 ) , 
Re 02 = -<50 2 - Re (p 2 w x + <5piw 2 ) , 



!>} + 02 = 1 -Pi^ 1 -p 2 ^ 2 , 

12,71 r /2 „ , ,1 r 2 



if + 0i = ^ _ P2W 1 - 5piw 2 , (2.9) 
where p Q are locally defined smooth complex-valued functions on P 2 . 
Proof. It follows from (2.8) that 

1 - 2Re 0} = 2Re (a\u l + 6}w 2 ) + c^ 1 + d\6 2 , 

2 - 2Re 2 = 2Re (a\uj l + 6 2 w 2 ) + c\Q l + d 2 # 2 , 
1 - 2Re (j) 2 2 = 2Re (a^w 1 + 6 2 w 2 ) + cje 1 + d 2 2 6 2 , 

50 2 - 2Re 1 = 2Re (a\uo l + 6^w 2 ) + c\Q x + d\Q 2 \ 

1 -0 2 -0[ = a 1 'w 1 + 6{'w 2 + a{"w T +6}"w^+c^ 1 + rf^ 2 , 
50 2 -50 2 -0i = a 1 'w 1 + 6 1 'w 2 + 4"w T +6 1 "w^+c 1 ^ 1 + 4'^ 2 , (2.10) 

where a^, 6^, o^', 6^', a^' , 6^' , dp , ti^' are complex- valued and dp, ofg are real- valued functions satisfy- 
ing the following relations 

12 1/ i // 

°1 + a 2 = a l + °1 ) 



b\ + bl 




a\ + 5a\ 


i' _i_ "I 77 


b\ + 5b\ 


= b^+W, 


h 1 
°i 

n i 

°2 


1" 

— °2 5 

- 8b 1 ' 


A 

a 2 

i2 
b l 

c\ + cl 


Al 77 
= »1 , 

1' 

= «1 , 

= 2Rec}', 


d\ + d\ 


= 2Rerf}', 


c\ + 5cl 


= 2Re4', 


dl + 8d\ 


= 2Re4'- 



(2.11) 



We set 



I* : = 0j + aX + 6^ 2 +^cl+iImcl'j0 1 +^dl + /Im<)^. 

1 o.i 1 



0f := ^ + ^V + ^ J + ^fl 1 + ^ ) 

0i* : = 0i + fc^ 1 + (6* + 56? - 8a 2 2 )u 2 + Qc£ + ilm c^j 9 1 + Qd* + ilm 4') # 2 , 

2 * := rt + b\^ + {b\ + bl-a\)^ + \cl6^\dl6\ 

It now follows from (2.10), (2.11) that these forms satisfy (2.7) and (2.9). 

The lemma is proved. □ 
From now on we will assume that 0^ in (2.7) satisfy conditions (2.9). Then (2. 8. a) implies: 

dcj) 1 = 2Re (ifi\ Au I + iSfjfi Au 2 ~ + (r^ 1 + 5r 2 w 2 ) A 2 ) + 

6 1 A -0 1 + 2 A V 2 , (2.12.a) 
rf0 2 = 2Re (i8f4 Auj I + i[i 2 2 Auj 2 ~ + {r-^ 1 + r^ 2 ) A 2 ) + 

1 Aip 3 + 6 2 A ip 4 . (2.12.6) 

Analogously, (2.8.b) implies: 

d(j) 1 = 2Re ^2 A cJi + ifi\ A uj 1 - (nw 1 + 5r 2 cj 2 ) A 2 - 

dr 2 A cj 1 - tin Au 2 — r 2 (u 1 A + u 2 A + 6 l A - n (V A 2 + 
c<j 2 A 2 + 1 A // 2 ^ + (9 1 A V 5 + # 2 A (2.12.c) 

c?0 2 = 2Re ^i/i 2 A ZP" + i/i^ A cJ2 - (roV + riw 2 ) A 2 - 

tfdri Aw 1 - dr 2 Au 2 - 8r 1 (to 1 A 0} + uj 2 A 2 + 2 /4) - 
r 2 (cj 1 A 2 + u; 2 A 2 + (9 2 A yU 2 ) ^ + 4Re (^ricj 1 + r 2 cu 2 ) A 
^cu 1 + nw 2 ) + (9 1 A -0 7 + ^ 2 A ^ 8 . (2.12.d) 



In formulas (2.12) ip a are real locally defined 1-forms such that 

^ = Sij 3 + s 1 1 + s 2 9 2 , 

^ = V 5 + s 3 ^ + S46 2 , (2.13) 

where s a are real-valued functions. 

A lengthy but elementary calculation now shows that the 1-forms 0^, /Jp, ip a satisfying (2.7), 
(2.9), (2.12) are defined up to transformations of the form 

(t>\* = <p\ + h6 l + g6 2 , 
2 * = tf + Stie^Sg'e 2 , 

<Pl* = ti + h'e' + g'e 2 , 

nl* = i4 + hujl + h>uj2 + pi q1 + ^i 6 * 2 ' 

H 2 * = vj + Stiuj 1 + huj 2 +P20 1 + q 2 2 , 

III* = nl + gcu 1 + g'u 2 + q^ 1 + q 3 6 2 , 

(4* = fil + Sg'u 1 +guJ 2 + q 2 e 1 + q 4 6 2 , 

^* = ^ + 2Re (ipluj 1 + i5p^co 2 ) + arf 1 + a 2 6 2 , 

^* = ^ + 2Re (iqju 1 + idqjuj 2 ) + a 2 6 l + a 3 6 2 , 

ifj 3 * = ip 3 + 2Re (idqjuj 1 + «fe^ 2 ) + M 1 + o- 5 6> 2 , 

= ^ 4 + 2Re (idqjuj 1 + iqjoo 2 ) + a^ 1 + a 6 6 2 , 

= ^ + 2Re (iq^u 1 + iqju 2 ) + + <j 8 # 2 , 

= ?/> 6 + 2Re (igju; 1 + iqju 2 ) + 

(<r 8 - 2Re {nq 2 + r 2qi ))e l + M 2 , 

i) 7 * = i> 7 + 2Re (wj 1 + W^ 2 ) + ffio^ 1 + ^n# 2 , 

= ?/> 8 + 2Re (iqju 1 + iqju 2 ) + 

(a n + 2Re (5r iqi + r^O 1 + a 12 6 2 , (2.14) 

where <?, g', h, h' are imaginary-valued, <r a are real-valued, p a , q a are complex-valued functions. The 
same calculation shows that p a are chosen uniquely and therefore are globally defined on P 2 . 

We now need to introduce extra conditions that would fix the parameters in (2.14) uniquely and 
therefore, taken together with (2.7), (2.9) and (2.12), would fix the forms 0?, ip a uniquely. The 
first set of conditions comes from comparing two pairs of equations: (2. 12. a), (2.12.c) and (2.12.b), 
(2.12.d). From this comparison we get: 

li\ = fj,\ + aiu 1 + bitu 2 + C\uo l + diuo 2 + h\Q x + g\Q 2 + 

2ir\(p 2 — idr^ + ir^^l + ifi0 2 , 
li\ = 8/4 - hoo 1 + b 2 u 2 + diu 1 + d 2 u? + h 2 1 + g 2 6 2 + 

2i5r 2 ~(fi 2 — idfi + vr^<^)\ + iricf) 2 , 
1P 5 = ip 1 + 2Re (ihlu 1 + ih^u 2 ) + s^O 1 + s % 9 2 + 

2Re (r 2 fi\ + n/i?) , 

^ = ^ + 2Re (i^Tc; 1 + ^cu 2 ) + s^ 1 + s 7 # 2 , 



n\ = n\ + a 3 cj 1 + b 3 u 2 + + d 3 u 2 + h^O 1 + g 3 6 2 - 

2ir\(f) 2 + idr^ — i<¥r\$\ — ir^cf) 2 ,, 
/4 — °lA + + (—803 + i(\ r i\ 2 - o\r 2 \ 2 )uj 2 + c 4 uj 1 + 

(5c 3 + i{r\ + 5rl))uj 2 + 5h 4 9 1 + 5g 4 6 2 - 2i5r^4> 2 + idr\ - iT\^\ - i5r 2 ~(f)' 2 , 
ifj 7 = ifj 3 - 2Re (ihlu 1 + ihzuo 2 ) + s 8 6 l + s 9 6 2 , 

^ = ^ 4 - 2Re (igluo 1 + ig^uo 2 ^ + sg^ 1 + si 6> 2 + 

2Re (Snul + r 2 f4) , ( 2 - 15 ) 

where 01,62 are imaginary- valued, s a are real- valued, the rest of the functions are complex- valued, 
and Re 63 = Im (r2fT), Rea 4 = 51m (r^). 
We now choose g, g', h' hi in (2.14) so that 

a*=0, Ima4 = 0, (2.16) 

where the functions with asterisks correspond to the forms with asterisks from (2.14). This can be 
achieved by setting 

h — 5g' = cli, 
h'-g = ilma 4 . (2.17) 

Choice (2.17) uniquely fixes the functions a*, a\ and therefore all the functions a*, &*, c* , d*. 
We also choose a a in (2.14) so that in (2.13), (2.15) one has 



0, a = l,...,10, (2.18) 



by setting 



ba 4 — (T2 = si, 
5o- 5 - 0-3 = s 2 , 
o- 7 - (7n - 2Re (5ngi + r 2 g 2 ) = s 3 , 

<Ji - <7 7 + 2Re (r 2 pi + rip 2 ) = s 5 , 

a 2 - <r 8 + 2Re (r 2 <?i + ri<? 2 ) = s 6 , 

03-09 = S7, 

04 — 010 = s s , 

05 — 011 = s 9, 

06 - 012 + 2Re (5rig 3 + r 2 q 4 ) = si . (2-19) 

To introduce further restrictions on the parameters g,g', h, h',p a ,q a ,a a we need to differentiate 
equations (2.7). By doing this and using (2.6), (2.7) we get 

uj 1 A [~d(f)\ + (f)l A (f)\ - ifi] Auj 1 - in\ A u^j + 

oo 2 A ^-d(j)\ + 4>\ A 0} + 2 A 2 - ifil A cJ 1 - A + 

6* 1 A + n\ A 0i + /x 2 A 2 - Ati A 1 - 



/4 A 



9 2 A 



uj 1 A 



u 2 A 



e 1 a 



p 2 2 a 



q 2 a 



p 2 A 



+ 2Re(5r 1 w 1 + r 2 w 2 )^ + 



dp\ + p\ A <j>\ + A 02 - ^i A 



1 x ..1 



> x + 2Re (ra^ 1 + riw 2 



0, 



S\ + 0} A <f)j + 4>{ A 02 - ^1 A w 1 - ip 2 2 A u 2 + 



-c?02 + 02 A 0i _ *A*i A^ 1 - ?5p 2 A w 2 J + 
-dp? + /i|A^ + ^A^-^A^- 
2 + 2Re(5r 1 w 1 + r 2 w 2 )^ + 
-dp 2 2 + p\ A (Pi + p\ A 2 - bp\ A 2 - 
1 + 2Re (raw 1 + r x w 2 )^ = 0. 



(2.20) 



Let v 1 := Im0j, z/ 2 := Im0 2 . Then it is easy to see that for x G P 2 , 
(9 a (x), u a (x), U"(x), (f> a (x), u a (x), p\(x), pl(x), p\(x), p 2 (x), ip l (x), ip 3 (x)) is a coframe at x. From 
now on we will use the independent 1-forms 9 a , w Q , w", <p a , u a , p\, p\ , p\, p 2 , ip 1 , -0 s as the standard 
basis in which we will be writing the expansions of all differential forms that we will need in the 
future. Equations (2.7), (2.9), (2.15), (2.20) imply 



where 
A 



uo l Adcj)\ + 5uj 2 Ad(fl + A = (mod0 a ), 
w 1 Ad^l + u 2 Ad<p\ + B = (mod# a ), 



1 i 



(2.21) 



w A \^P2<P Aw 1 - -TT0 1 A w 2 + 5[^Pi ~ g^J^ A w 2 + W' A w 1 + 
%t\v x A uj 2 + i5 ( pT + T2 ) v 2 A uj 2 + ip\ A w 1 + i ( 5 pi + (5 2 — iSr^Pi — irjp 2 )uj 2 + 



f/jW 1 - /(//•;!.) AW 2 j aT A ( [^p 2 -^n 



5 ]_ 

i 1 Aw 1 - 5-f2"0 2 A w 1 + A w 2 + 



^'T-ftj' /1 Aw 1 4- i<5 (r^ - 2p^j v 2 Alu 1 - ib'plv 1 Aw 2 - 2i5p 2 ~z/ 2 A w 2 + 
« ^5p 2 - (6i + iripx + if 2 "p 2 )w 1 + (d 2 - i5p\ + ip|)w 2 - idri + idp^j A w 1 + 

i[5p\ + i{5\pi\ 2 + IpaHw 1 +^pT) A w 2 ] , 



5 



w 1 A I ^pT<f) 2 Aw 1 - ^r^ 1 A w 2 + Qpi - ) 2 A w 2 + iplz/ 2 A w 1 



ir^v A uj 2 + « pU + rT p A w 2 + ipf A w 1 + i [ p{ + ^w + 



du 1 - idr^j A uj 2 ^ + u 2 A ^ Qpl - ^rjj (j) 1 A uj 1 - ^rT0 2 A cj 1 + ^p^/) 1 A cj 2 + 

? (^2 - Pi^ 1 A uj 1 + i^rf - 2p^j v 2 Aoj 1 — ip^u 1 Au 2 — 1i8p~lv 2 A uj 2 + 
i (^p\ + cliuj 1 + d\OJ 2 — idr^ + id~p^J A u 1 + 

i ^// 2 + 2iRe (pip2)u) 1 + idp^ A^j. (2.22) 



It follows from (2.21) that 



^AA = -5u 2 AB (mod0 Q ), 
oo 2 AA = VaB (modr), 



which together with (2.22) gives the following expressions for dr c 

1 5 

dn = -ricj) 1 + 5-r 2 (j) 2 + ir\v x + i5r 2 u 2 + 



tiu 1 + t 2 u 2 + t 3 u l + t 4 u 2 + vi6 l + v 2 6 2 , 
1 5 

-^20 X + — ri0 2 + + ir\v 2 + 

tsLU 1 + t 6 c; 2 + tr^ 1 + tgLU 2 + t^ 1 + v 4 6 2 , (2.23) 



and for <ip Q 



dpi = \p\^ - 7^P2</) 2 + ipi" 1 + 3ip 2 v 2 + 

uiuj 1 + u 2 uj 2 + U3U 1 + -u 4 o; 2 + wi^ 1 + w 2 9 2 , 
dp 2 = ^p 2 4> 1 - ^ri<j) 2 + ip 2 v 1 + 3i5piu 2 + 

M5CJ 1 + m 6 cj 2 + ujuj 1 + MgcJ 2 + w^d 1 + w A 6 2 , (2.24) 

where t a: 

^a.i complex- valued functions, and t a , u a are fixed uniquely. It now follows from 

(2.9), (2.15), (2.23) that 

pi = p\ + (ai - it^uo 1 + (61 - it$)uj 2 + (ci - its)^ 1 + (di - it 6 )cu 2 + 
(/, 1 _^)^ + (^_^)^ 2 = 

/4 + (03 + iSr\p 2 + ir^Pi + it^)^ 1 + (63 + iripi + if^p 2 + it^)cj 2 + 
(c 3 + ih)^ 1 + (d 3 + i^)^ 2 + (/i 3 + i**)^ + (03 + «W)0 2 , 
/4 = $p\ + (a 4 + it-jV 1 + (-(5a3" + i|ri| 2 - i5\r 2 \ 2 + i£^)a; 2 + (c 4 + it^uj 1 + 
(5c 3 + ir\ + ibr\ + it^)^ 2 + (Sh 4 + iv^O 1 + (Sg 4 + iv^)9 2 = 
5p\ - (fa + iripi + ir2"p 2 + itsju 1 + (fa - inP2 - iSr^Pi - it 4 )u; 2 + 
(d 1 - ih)^ + (d 2 - iT 2 )uP + (h 2 - ivl)O l + (g 2 - m)0 2 . (2.25) 



To obtain 



pj* = p\* (mod uj a ,co a ), 

p\* = 5pj* (modcj",^), (2.26) 



we set 



Pi - 92 = hi - il% = h 3 + 0%, 

9i-94 = 9i ~ ivl = 9z + wi, 

8p2 - 9i = 5/i 4 + i^T = /i2 - wi, 

<^92 - 93 = ^4 + iv2= 92- iv2- (2.27) 

From now on we assume that the 1-forms 0^, pp, tp a are chosen so that (2.7), (2.9), (2.12), 
(2.16), (2.18), (2.26) are satisfied. It follows from (2.13), (2.15), (2.25) that this set of conditions is 
equivalent to (2.7), (2.9), (2.12) and 

pi = p\ + aiu 1 + biuj 2 + c\ijj l + d\UJ 2 , 

p\ = 8p\ + a 2 uj x + b 2 uo 2 + c 2 uo x + d 2 u 2 , 

^ 2 = <^ 3 , 

^ = ^, 

^ = + 2Re (vsu 1 + ViU 2 ) + 2Re {r 2 p\ + npfj , 

^ = ip 2 + 2Re (v a uj 1 + V2U) 2 ) , 

^ = ifj 3 + 2Re (SviU 1 + t; 3 cj 2 ) , 

^ = + 2Re (6v 2 fv 1 + v 4 uj 2 ) + 2Re (Snpl + r 2 /i 2 ) , (2.28) 

where 





= —iti = 0-3 + i5np 2 + ir 2 p 2 + it 7 , 


&1 


= bi - it^ = 63 + inpi + irip 2 + iU, 


Cl 


= ci - iti = c 3 + i^, 


dl 


= di — ii 6 = d 3 + its, 


d 2 


= dim (r-J^) +it^= —(b 1 + vf\p x + ir^p 2 + it£), 


b 2 


= -5a^ + i ri 2 - i5\r 2 \ 2 + iT A = b 2 - ir\p 2 - i5r^p 1 


c 2 


= C4 + it\ — di — iti, 


d 2 


= 5c 3 +iri + itfrf + iT 2 = d 2 - iT 2) (2.29) 



are fixed, and therefore globally defined on P 2 , functions. 

Now (2.14), (2.16)-(2.19), (2.26), (2.27) give that <j>%, p% ^ a are fixed up to transformations of 
the form 



01* 


= (Pl + hO 1 + g9 2 , 


0i* 


= (ft + SgO 1 + h6 2 , 


02 


= (j)\ + g6 l + 5h6 2 , 


0r 


= tj + he' + ge 2 , 




= p\ + hu 1 + guj 2 +P0 1 + q6 2 , 


& 


= p\ + 5guj 1 + hu 2 + 5q6 1 + p6 2 , 




= pl + gu 1 + 5hu 2 + qO 1 + Sp9 2 , 


p 2 2 * 


= p\ + hu 1 + gu 2 + pQ 1 + q9 2 , 


^* 


= ip 1 + 2Re (ipu 1 + iqu) 2 ) + aO 1 + s6 2 



i, 2 * 
V 8 * 



sd 1 + 5a6 2 , 



5S0 1 + a6 2 



= ip + 2Re [iquj + i5puj z 
= ip 3 + 2Re (iSquj 1 + ipuj' 
= t/> 4 + 2Re (ipw 1 + iquj 2 ^j + c^ 1 + s6 2 , 
= -ip 5 + 2Re (ipuj 1 + iquj 2 ^ + 

(cr + 2Re (8r x q + r^p^O 1 + (s + 2Re (r lP + r 2 q))6 2 , 
= ^ + 2Re (igcu 1 + i5puj 2 ) + sfl 1 + 5a6 2 , 



ip 7 + 2Re (^gw 1 + ipuj 2 ) + 5S0 1 + a9 2 , 
ip 8 + 2Re (ipu; 1 + iquj 2 ^ + 

(cr + 2Re (Snq + rap))^ 1 + (s + 2Re (r lP + r 2 g))# 2 , 



(2.30) 



where h, g are imaginary- valued, <r, s are real- valued, p, q are complex- valued functions. 
Consider the following matrix- valued 1-form 



uj : = 



where 



6 := 







H := 



3= _3- 
—ifi 

4- 



tf 1 <J0 2 

# 2 tf 1 

1 50 2 

2 1 



i 



26 

2iuJ 



\ 



(2.31) 



cu : = 



w 2 



5cu 2 
uj 1 

01 



%p l Sip 3 
i) 3 V 1 



It is clear from (1.3), (2.9) that the form uj defined in (2.31) takes values in su(2, 1). Also, for any 
point x G P 2 , uj(x) is an isomorphism between T X (P 2 ) and su(2, 1). However, the form uj is defined 
only locally. We now need to fix the free parameters h, g,p, q, a, s from (2.30) to make the choice of 
the corresponding forms unique. This will turn uj into a globally defined su(2, l)-valued form on P 2 , 
and it will be the parallelism that we are looking for. 

To fix the free parameters from (2.30) we consider the curvature form Q of uj 



Vt := duj [oJ,oj] = duj — uj A uj, 

2 



which is a su(2, l)-valued 2-form. In more detail, Q is given by Q = ) < ij < 2 with e 21, and 

£1° = 



■-d<p - -d<p + iu A fi + -6 A V>, 
3 — 3 2 



fi 2 
fi 2 



2 1 
— 2Tm f2 = — -d(f) + Aw + i/j Aw, 

o — o 

u , 



(ku — lu A (f) — 9 A fj,, 
2iW Q , 



fig = 2 [dO - iu A W - 6 A 0) , 
^2 = ^ + A* A J + ^ A ^) ' 

= -- (d^- 2i/£ A/Z + ;0A 0) . (2.32) 

Now, to fix the parameters from (2.30) we concentrate on the components fl\, f^, ^2 an d impose 
certain conditions on their expansions. 

We start with fl\. It follows from (2.32) that 



where 



1 _ ( *i 5$n 



21 

$} : = -c?0j — -c^ 1 + Auj 1 + i5fi 2 Auj 2 + Au 1 + i5n\ A to 2 , (2.33.a) 
o o 

2 1 

$2 .- _ d( p2 + ifJ 2 A ^1 + ^1 A ^2 + ^2 A + ifJ l A (2.33.6) 

o o 

Then (2.12), (2.21)-(2.24), (2.33) imply 

$1 = ^^(p2-r 1 )0 2 A^ 1 + 5i(p 1 -r 2 )0 2 A^ 2 + i(rT-/^)0 2 A^ T + 
S-(r2 — 7h)4> 2 Aw 2 - ip2^ 2 A uo 1 — ibp\V 2 A u 2 — 
ipiv 2 A uj 1 — ib~piv 2 A uj 2 ^ (mod6 a , terms quadratic in u a ,uj"), 

&l = ^^(Pi-r2)0 2 Aw 1 + i(p2-r 1 )0 2 Aw 2 + i(r^-pT)0 2 A^ T + 
— (rT — p~2~)0 2 A cj 2 — ipi^ 2 A cj 1 — A cj 2 — 

iplv 2 Auj 1 — ipiv 2 A uj 2 ^ (mod# a , terms quadratic in uj a ,oJ^). (2.34) 

Let us consider the parts of the expansions of $^ that are quadratic in u"', uP: 

= S^ T u^ A uj t + S^ T u< A W + S^ZTf AuF+... (2.35) 

Since are imaginary-valued, the coefficients S^j, S 2 2 ^ are real-valued functions. It now follows 
from (2.6), (2.33), (2.34) that under transformation (2.30) they change as: 

g 

^ll*T = + 
^122 = ^122 + 1 ~^9- 
We now fix the parameters h, g by the conditions 

slh = 0, 

Slh = 0, (2.36) 



i.e. we set 



Thus, the forms 0^ are fixed and therefore are defined globally on P 2 . It then follows that the 
functions v a , w a from (2.23), (2.24), (2.28) are also fixed and defined globally on P 2 . 

From now on we assume that (2.7), (2.9), (2.12), (2.28), (2.29), (2.36) are satisfied. It then follows 
from (2.30) that /x^, ip a are fixed up to transformations of the form 

ti* = ri + pe' + qe 2 , 

tf* = f.l + SqO 1 + P e 2 , 

/4* = ^l + qe' + spe 2 , 
& = vi + pe' + qe 2 , 

ip 1 * = ^ + 2Re (ipu 1 + iqu 2 ) + a9 l + s6 2 , 
tp 2 * = i[) 2 + 2Re (iqu 1 + i5pu 2 ) + sO 1 + 5a9 2 , 

= ^ + 2Re (iSqu 1 + ipu 2 ) + SsO 1 + (7# 2 , 

= ?/> 4 + 2Re (ipu; 1 + iqu 2 ) + atf 1 + sfl 2 , 
^* = ^ + 2Re (ipco 1 + ^u> 2 ) + 

(a + 2Re {Snq + r^O 1 + (s + 2Re (r lP + r 2 q))9 2 , 

= V 6 + 2Re {iqu 1 + i<5pcu 2 ) + sfl 1 + 5a6 2 , 

= iP 7 + 2Re (iSqu 1 + ipw 2 ) + ^stf 1 + a9 2 , 

i/j 8 * = ifj 8 + 2Re (ipu 1 + iqu 2 ) + 

(a + 2Re (Snq + rap))^ 1 + (s + 2Re (np + r 2 g))# 2 , (2.37) 

where a, s are real- valued, p, q are complex- valued functions. 
We now consider Q},. It follows from (2.32) that 



^2 - I $ 2 $ l 



where 



1 / 1 1 

$ x : = - I dfj,{ + -fj,{ A 1 + 5-fil A (j) 2 + iv 1 A + ibv 2 A /i 2 + 

— \ — — 

Kp 1 Ac^ + ^Ac/), 

1 / 1 1 

$ 2 ;= -ldfi 2 1 + -fi 2 l A<p 1 + -fi 1 1 Acf + iv 1 A fij + iv 2 A fx\ + 

1 1 \ 

-^j 3 Au 1 + -^j 1 Au 2 . (2.38) 

To get information about the expansions of <3> a we return to (2.20) and consider terms containing 9 a 
there. Let such terms in the expansions of <p\, 2 be 

d<p\ = X 1 AO 1 + \ 2 A6 2 + 

dcj)l = X 3 A 1 + X 4 A 9 2 + . . . , (2.39) 



for some 1-forms \ a . Then (2.7), (2.9), (2.20), (2.28) imply 

9 1 A E 1 + 59 2 A £ 2 + U = (mod 9 l A 9 2 , terms quardratic in u a , uj*), 
9 1 AY, 2 + 9 2 AH 1 + V = (mod 9 l A 6 2 , terms quardratic in LV a ,u~F), (2.40) 

where 

1 1 

S 1 := dfi{ + -fj,\ A 1 + 5-fil A 4> 2 + iv x A /i{ + i5u 2 A p 2 , 

T? := d/i 2 + i/i 2 A 1 + iu} A^ + iu 1 A fij + iu 2 A fi\, (2.41) 

and 

U := 9 1 A A (^2Re (nu 1 + 5r 2 cu 2 ) + p^J 1 + 5p^j + u 2 A (pi/4 + 5p^j + 
(d 2 uj l + 6 2 w 2 + cW + d 2 uP^j A (f) 2 + to 1 A A 1 + 5cj 2 A A 3 ^J + 

# 2 A A (fcoJ 1 + 5p^j + 25/4 A Re (r^ 1 + nu 2 ^ + 5cj 2 A (plp[ + pipf) + 

+ hu 2 + C2U 1 + d 2 uP^j A 1 + ^ ((6~ 2 - 5a~i V 1 + 5(a 2 - b±)uj 2 + 
(d 2 - Sc^u 1 + 5(c 2 - di)uj^j A (p 2 + 2iu l A (c^ + d 2 uP^j + 
iz/ 2 A (Va~i - fr^u; 1 + 5{b\ - d 2 )u 2 + (5c"i + d 2 )uP : + <5(di + c 2 )uj^j + 

dd 2 A uj 1 + db 2 A u 2 + dc 2 ALU I + dd 2 Auj 2 ~ + uj 1 A\ 2 + 5uj 2 A A 4 ^J , 
V := 9 1 A A Re (Snu 1 + r 2 cu 2 ^) + p 2 A (pl^ 1 + pi^ 2 ) + ^ A (mA + P^tj + 
{d^ 1 + b\u 2 + CicJ 1 + d-JJ^j A <f) 2 + uj 1 A A 3 + to 2 A A 1 ^ + 

6 2 A A (2Re {r 2 u l + nu 2 ) + + pi^ 2 ) + cj 2 A + pipf) + 

(Vicj 1 + b\uj 2 + CicJ 1 + d-^j A (f) 1 + ^ (Vi - a^w 1 + (5ai - b 2 )u) 2 + 

( di - c^co 1 + (5ci - d 2 )cJ^j A (f> 2 + 2iv x A [c^uj 1 + d^j + 

iv 2 A [[d 2 - b^cu 1 + (b 2 - Sd^uj 2 + (c 2 + d^uJ 1 + (d 2 + Sc^uJ^j + 

ddi A uj 1 + Aw 2 + dci A cJ 1 + dd x A uj 1 + u l A A 4 + cj 2 A A 2 ^J . (2.42) 

Equations (2.40) imply 

9 1 A U = -59 2 A V (mod 9 1 A 9 2 , terms quadratic in u a , uJ 7 ^), 
9 2 AU = 9 1 AV (mod 9 1 A 9 2 , terms quadratic in u a ,u^), 

which together with (2.42) gives 



da\ 



A 4 - A 1 - r 2 fi\ + ri/i 2 + d x 4> 1 + ^ ^6~i - 3a 2 ) 2 + 



i (bi - a 2 ) v 2 (mod 6 a , oo a , w*), 

X 2 - 5\ 3 - nfi\ + 5r 2 p\ + b\4> 1 + i (Sd! - 3b 2 ^ 2 + 

i (Sd! - 6~ 2 ) ^ 2 (mod 9 a , cu a , u*), 



d&i 



dci = -(r 2 + pijfj\ + [r\ + p^jp\ + C10 1 + ^{di - 3c 2 
2ic> 1 - i ^1 + c 2 ) z/ 2 (mod r , cj q , 

cZcTi = -(jT + P^p} + 5(^2 + ^1)^1 + ^i^ 1 + ^(^ Cl ~~ 3 ^ 2 
2zdii/ 1 - i (Sc! + d 2 ) ^ 2 (mod 8 a , co a , u*), 

dd 2 = A 2 - 5A 3 + ri/ij - 5r 2 p 2 + a^ 1 + - (b 2 - 35d^j(p 2 + 
i (b 2 - 5d^j v 2 (mod 9 a , u a , u*), 

db 2 = 5 (V - A 1 ) + 5r 2 p\ - 6r lf il + b 2 <p l + 5^ (d 2 - 3&i) 2 + 
i<S (a 2 - 6"i) z/ 2 (mod 9 a , w*), 

dc 2 = (l\-p~^jp\ + 5{jl-li s jp 2 l + C20 1 + i (d 2 - 35c^j <p 2 - 



2ic 2 v 1 -i(d 2 + Sc^ju 2 (mod 9 a ,u a ,u a ), 

dd 2 = 5^ -p^jfil + S^pt- rT)p 2 + d 2 (p l + <^(c 2 - 3d^j4> 2 - 

2id 2 u 1 - iS^dx + c 2 ^u 2 (mod Q ,u; Q ,u^). (2.43) 

It now follows from (2.40), (2.42), (2.43) that 

S 1 = (V - ri/i 2 + a 2 2 ) Aw 1 ! (s\ 3 - 6r 2 f4 + P^pJ + &PiA + M 2 ) Aw 2 + 

(-(rT + p^p 2 + c 2 2 ) A ^1 + (-<S(fa + pl)p 2 + d 2 2 ) A u* 
(mod 6* Q , terms quadratic in uj a ,uj^), 
X 2 = (a 3 - ^p} + ax0 2 ^ A uj 1 + (V - <5r 2 p} + 5p7p[ + t^pf + b^ Aw 2 + 

^-^FTp} - pip 2 + Ci0 2 ^ Aw 1 ! ^2Pi - P^Pi + di0 2 ^ A to 2 
(mod terms quadratic in uj a ,uj"). (2.44) 
Formulas (2.38), (2.41), (2.44) give 

$ 1 = ^ (A 1 - rxp 2 + a 2 2 + ^V 1 ) A w 1 + ^A 3 - 5r 2 p 2 + p^ + 5pij4 + 

b~2<f> 2 + 5^V 3 ) A w 2 + (^-(n + pi)p 2 + c 2 2 ) A uj 1 + 

(-<S(r* + pl)p 2 + rf 2 2 ) A ZJ2 j 



(mod 6 a , terms quadratic in u a ,LV a ), 

$ 2 = ^ ( A3 - 6r ^l + d ^ 2 + \^ 3 ) Atfl + ( Al - 6r 2^l + 5 pdA + + 

h4> 2 + g V' 1 ) A cu 2 + (-<5rT/4 - pl/i 2 + c~i0 2 ) A ^ + 

(-^1 - P2>i + ^i^ 2 ) A ^ 

(mod 6* Q , terms quadratic in uj a ,ufi). (2.45) 

We will now show that the expansions of $ a do not contain terms involving u 13 A ip 1 . It is clear 
from (2.45) that for this we only need to prove that the expansions of A 1 , A 3 have the form 

A 1 = — ip l + terms not containing if) a , (2. 46. a) 

2 



A 3 = —-ip 3 + terms not containing ip a . (2.46.6) 



Let 



^ = Xi^p 1 + X2^p 3 + terms not containing ?/> a , 

^ 3 — Xsi' 1 + X^ + terms not containing ip a . (2.47) 
Identities (2.41), (2.44) give 

terms not containing ip a , 

d/4 = [x^ 1 + X4^ 3 ) A u 1 + (xi^ 1 + X2^ 3 ) Au 2 + 

terms not containing i[) a . (2.48) 

We now differentiate (2. 33. a) and, using (2.7), (2.9), (2.28), (2.48), in the right-hand side of the 
resulting equation collect terms containing u 1 A uj 1 A ip a : 

-2UJ 1 A uj 1 A (im Xii' 1 + Im %2^ 3 ) • (2.49) 

On the other hand, it follows from (2.12), (2.28), (2.33)-(2.36), (2.39), (2.47) that such terms in the 
left-hand side are: 

—iuj 1 AuA A ((J X i + I) ^ + \x2^) • (2.50) 



Comparing (2.49), (2.50) we get 



Xi = X2 = 0, 



and (2. 46. a) is proved. 

Similarly, we differentiate (2.33.b) and in the right-hand side of the resulting equation collect 
terms containing uj 2 A uj 2 A ip a : 

-25u 2 A uJ 2 A (im x^ 1 + Im X4^ 3 ) • (2.51) 
Such terms in the left-hand side are: 

-i8u 2 A ^ A (Jxs^ 1 + (jp + ^) V^ 3 ) • (2.52) 



Comparing (2.51), (2.52) we obtain 



Xs = 0, X4 = 



and (2.46. b) is proved. 

We are now ready to fix the parameters p, q in (2.37). Let us consider the parts of the expansions 
of <3> Q that are quadratic in u^,u^: 

$° = SfoJ* Aw 7 + S^a/ A W + SJa^ At^+... (2.53) 

It follows from (2.6), (2.38), (2.45), (2.46) that under transformation (2.37) the coefficients 5^,5^ 
change as: 

rrl* ol ' 



~ ^22 + 



4 



We now fix p, q by the conditions: 



Sft = 0, 



'22 

i.e. we set 



<Sg = 0, (2-54) 



9 = 



4 

— * 

3 

2 



The forms /zjg are now fixed and thus are globally defined on 

From now on we assume that (2.7), (2.9), (2.12), (2.28), (2.29), (2.36), (2.54) are satisfied. It 
then follows from (2.37) that vp a are fixed up to transformations of the form 





= ^ 


+ aO 1 + s9 2 , 




= ^ 2 


+ s6 l + 5a6 2 




= ^ 


+ SsO 1 + oQ 2 


i> A * 


= r 


+ aO 1 + s6 2 , 




= IP 5 


+ aO 1 + s6 2 , 




= ^ 


+ sO 1 + 5a6 2 


iJ 7 * 


= ^ 


+ 5S0 1 + uQ 2 


iJ 8 * 


= r 


+ aO 1 + s6 2 , 



(2.55) 

where a, s are real- valued functions. 

To fix the parameters a, s in (2.55) we consider ft follows from (2.32) that 

iZ 2 - I $2 ^1 I , 



where 



^ 2 := -^f# 3 -2i(^A/4 + /4 A /^i) +V' 3 A0 1 +^ 1 A0 2 j. (2.56) 



Let us consider the parts of the expansions of ty a that are quadratic in uj^,cu^: 

tf« = T^ujP Aw 7 + T^c/ A Zf< + T|_^ A + . . . 



(2.57) 



Since \l/ a are real- valued, the coefficients T j,7^ & re imaginary- valued. It follows from (2.6), (2.56) 
that under transformation (2.55) they change as: 



rpl* 
1 lT 



rp2* 
1 22 



T iT " l 4<7> 



T 2 - 

J 22 



1 



We now fix <r, s by the conditions: 



/t-t1* 

J lT 

rri'2* 

1 22 



0, 
0, 



(2.58) 



i.e. we set 



a 

s 



-4iTi, 



We have proved that the forms (f)p, /ip,ip a are uniquely fixed by conditions (2.7), (2.9), (2.12), 
(2.28), (2.29), (2.36), (2.54), (2.58), and therefore we can assume that they are now defined globally 
on P 2 . The form uo defined via these forms as in (2.31) is the parallelism that we needed to construct. 
We also note that the functions r a from (2.6), p a from (2.9), t a ,v a from (2.23), u a ,w a from (2.24), 
d a ,b a ,c a ,d a from (2.28) are CP-invariant functions, i.e. scalar invariants. 

In the remainder of this section we will find a transformation formula for u under the action of 
G 2 on P 2 . Let rj G G 2 be given by matrix (1.2), where CC = E and 



C = 



c 1 sc 2 

C 2 C\ 



A = 



A x 5A 2 
A 2 A, 



R = 



R 2 Ri 



with C a , A a G C, R a G K. Let L v denote the mapping of P 2 induced by ^(77) (see (1.5)). 
It turns out that one can find the transformation rule for uj under L v in the form 



L*cu = Ad(r])iu + 



1 -i(n^-n^ + r 

—i(M + P + A) 
1 /„ ^ 



§ (UuJ 





-Uw 



r 



^ --(iV + iV + + A) |(M + P + A) §(llu; 
where Ad is the adjoint representation of Aut e ((3#) on su(2, 1) and 






UuJ 



(2.59) 



n := 

M := 

A : = 

: = 



T := 



r^ 1 + r 2 9 2 
TsO 1 + r 4 # 2 



iii <m 2 \ 
n 2 il J' 

M^ 1 + M 2 cu 2 5{M z u l + M 4 o; 2 
M3CJ 1 + M 4 w 2 M^ 1 + M 2 to 2 

A t 9 l + A 2 2 5(A 3 ^ X + A 4 9 2 ) ^ 
A 3 ^ + A 4 9 2 A^ 1 + A 2 2 j 

e^ 1 + o 2 e 2 5(e 3 ^ 1 + e 4 # 2 ) \ 
Gs^ 1 + e 4 # 2 e^ 1 + e 2 e 2 j 



5{Tz6 l + v 4 e 2 ) \ 
v 1 e 1 + v 2 e 2 j 1 

( P^_ + P 2 ^ + P4U?) 

' ^ P3CJ 1 + P 4 u> 2 Pnu 1 + P 2 CJ 2 

A^ + AW 2 <5(A" 3 cj 1 + A" 4 c; 2 ) 
A3CJ 1 + A" 4 cj 2 Nxuj 1 + A" 2 w 2 



iV : = 



A := 



Aic/. 2 5A 2< /> 2 
A 2 </> 2 K l( f> 2 



(2.60) 



with II a , M a , P a , A a , N a complex-valued, T a imaginary-valued, and Q a ,A a real-valued functions on 
P 2 . 

To determine the parameters in (2.60) we plug the right-hand side of (2.59) in (2.6), (2.7), (2.9), 
(2.12), (2.16), (2.18), (2.26), (2.36), (2.54), (2.58). The computations are elementary, but lengthy, 
and we only list the final results here. 

Plugging in (2.6) we get 



Plugging in (2.7) gives 



ITi = detCC 2 (Cip2 + (JC 2 pi), 

n 2 = detCC 2 (Cipi + C 2 p2), 

Pi := L> = (d|d| 2 -25d|d| 2 + 5d^Pi + ^^ 

p* 2 := L* vP2 = (25C 2 \Ci\ 2 - C 2 \C 2 \ 2 - 5C~ 2 C 2 ) Pl + (Cxldl 2 - 25C 1 \C 2 \ 2 + sulci) p 2 , 

Pi = -2^5A 2 C2pJ + A 2 C 1 pJ + A 2 n-A 1 U 1 -5A 2 U 2 y 

P 2 = -25^A 2 Ci~ti + A 2 C 2 ~jf 2 + A 2 r 2 -- A{[[ 2 - A 2 U^, 

P 3 = ^^A^pJ + A^pJ+SA^-A^-A^, 

Pa = -2[5A 2 C 2 'pl + A 2 C 1 pJ + A 1 r 2 --A 1 U 1 -5A 2 U 2 ), 



Mi = 2 8A 2 C 2 p\ + A x C 2 p\ - A 2 n - A 1 U 1 - 5A 2 U 2 + T.d + 5r 3 C 2 , 



M 2 = 2 5A 2 Ci P \ + A x Cip\ - 5A 2 r 2 - SA^ - 5A 2 U 1 + ST^C* + Sr 3 Ci, 



M 3 = 2 AiC 2 p\ + A 2 C 2 p* 2 - SAin - A 2 Ui - A ± U 2 + T 1 C 2 + T 3 d, 



M 4 = 2 \AiCipl + A 2 C lP * 2 - A x r 2 - AR X - 5A 2 U 2 J + r^i + 5T 3 C 2 , 
a\ := L*di = det C (cfdi - dWi + C^a 2 - Cf 6 2 + 2((A 1 C i 2 ~ + A 2 d)ri - 

(ACT + M2d)r 2 )^ -ri + r 4 , 

6* : = = det C ^-<$dC£ai + Cf &i - <SCf a 2 + ^ + 2 (- ( A x d + (L4 2 dK + 

<^id + A 2 d> 2 )) + r 2 -5r 3 , 

~c\ := Lfc = det c(\Ci\ 2 ci - C[C 2 di + ddc 2 - \C 2 \% + 2[{A X C 2 + A 2 C 1 )n - 
(Aid + <L4 2 C 2 )ra)) - 2 (^Aip* - A 2 pjj , 



d\ := L*^ = detC^-SClCzC! + ICil 2 ^ - 5\C 2 \ 2 c 2 + ~C 2 C x d 2 + 2(-(A 1 C 1 + 5A 2 C 2 )n + 

5(A 1 C 2 + A 2 C 1 )r 2 ^+2^5A 2 ^ 1 -A 1 '^j, 
a* := L^ = detC^C^a 1 -^fe 1 +^a 2 -C^fe 2 + 2((A 1 ^ + M 2 ^)r 1 - 

<f(AiC£+A 2 GOr 2 )) +r 2 -5r 3 , 

6* := L;fo 2 = det C ^-Cf di + - 5C^a 2 + 6 2 + 2(-5(A 1 C 2 ~ + + 

(5A l C~ l + A 2 C~ 2 )r 2 )^j - 5Y 1 + 5T 4 , 
c* := L;c 2 = det C^dci - 5\C 2 \ 2 h + \C l \ 2 c 2 - C[C 2 d 2 + 2((A 1 C 1 + <L4 2 C 2 )rT - 

d* : = = det c(^-\C 2 \ 2 c l + (JC^Cidi - ^C 2 c 2 + \d\ 2 d 2 + 2(- < J(A 1 C 2 + A 2 C 1 )n + 

5A 3 -A 2 = AS^M- A^^ + A^A^ 2 -5\A 2 \ 2 )y 2 + 2^^ + A 2 b* 2 + Ac* 2 + 



A 2 d* 2 - A 1 T 2 + 8A 2 V 1 + ^!r 3 - 5A 2 T Aj 
A1-A4 = 4(|A 1 | 2 -5|A 2 | 2 )^*+4(A 1 A;- A 2 A7)^* + 2(A 1 a? + A 2 6~J + ^Ci + 

a^ + a^ - A 2 r 2 - A x r 4 + 5A 2 r 3 ) . (2.61) 

It follows from (2.61) that 5A 3 — A 2 and A 1 — A 4 do not in fact depend on r a . 

Equations (2.9) are satisfied automatically, and we now plug the right-hand side of (2.59) in 
(2.12). This gives 

Ax = 4Re(A 1 r* + cL4 2 r 2 *), 
A 2 = 4Re (A 1 r* 2 +A 2 r* l ), 

Ni = -8 (R 2 r 1 +i(C 2 ~A + G[A 2 ~)Re(A 1 r* 1 + 5 A 2 r* 2 )) +i(p^ + 6Q^ + 

2{Aj\ + 8A 2 T\ - ~A[Mi - 5A~ 2 M 3 )) , 
N 2 = -8(5R 2 r 2 + i(0[M + 5C^)Re (A^* + 5A 2 r* 2 j) + i{5C^ + + 

2(A{F 2 + 5A 2 P 4 - A[M 2 - 5A~ 2 M A )) , 

N 3 = -4(5R 1 r l + R 2 r 2 + 2i(G^ 1 + G^ 2 )Re(A 1 r; + A 2 rl))+i^^ 

2 (AJ% + A 2 T\ - A[M 3 - ~A 2 M\ - di (C^A~ 2 + C^) - 5d 2 (C^A[ + 5^A~ 2 ) + 
T X (C X A 2 + CaAx) + 56 2 (C 1 A l + 5C 2 A 2 ) 



N 4 = -4 (R 1 r 2 + R 2 r 1 + 2i(dA + SdA^) Re (A ir * + A 2 rl)) +i\U^Al+C^ + 

2 [A{P A + A 2 ~F 2 - A[M A - A~ 2 M 2 - b\ (G[A 2 + dM) - Sb 2 (dA + 5~dA 2 ) + 

I 1 (C 1 A 2 + C 2 A X ) + 5l 2 (C 1 A 1 + 5C 2 A 2 ))j, 

2 - 50 3 = -16Re (Ri(A ir l + <5A 2 r 2 *) - 5R 2 (A ir * 2 + A 2 r*)) - 
41m (Ai ( A! - 5 AT) + <5A 2 ( SI - AT)) , 
9i-0 4 = 16Re(i2i(Air; + A 2 rJ) - i? 2 (iir* + M 2 r 2 *)) - 
41m (^(AI - AI) + A 2 (5AI - AT)) - 

81m ^(Ai(a"l - <S&1) + A 2 (6* - a"5) + Al(c~* - <Sd*)) + 

M^A^al - b\) + A 2 (b* 2 - 5at) + A~ 2 {d\ - Sdfifj + 4Re (A& + A 2 G 2 ) , (2.62) 

where Gi, G 2 are found from the following relations 

C 1 G 1 + C 2 G 2 — v 3 — 5v 2 - 5r l d 2 - r 2 a x - 5r\c 2 - f£ci - 8(Rir 2 - R 2 ri) + 

2i(-di(CiAi + 5C 2 A 2 ) - a 2 (CiA 2 + C 2 Ai) + c^Ci^ + 5C 2 A 2 ) + 
~c 2 {C x A 2 + C 2 A X ) - A[(da\ + C^6J) - ~A 2 (C{a* 2 + C$5) - 
d(5 Xa* + A& + 5A 2 c* - A 2 5) - CK^l5 + SAS - A^ + 5Aj* 2 )) + 
iC\(Kl - AT) + iC~ 2 (A~ 2 - 5 AT), 
CxG 2 + 5C 2 Gi = - v 4 - 5nb~ 2 - r 2 b\ - 5r\d 2 - f^di - 8(Rirx - 5R 2 r 2 ) + 

2i(-b\{dA[ + 5dA 2 ) - b 2 (CTA 2 + dA) + ZidAi + 5C 2 A 2 ) + 

J 2 {dA 2 + C 2 A X ) - A\{fC 2 a\ + C[b\) - 5A~ 2 (C~ 2 a* 2 + 5C\b* 2 ) - 

d{5A 2 ~a\ + + 5A 2 ~4 - A 2 1F 2 ) - 5C~ 2 (A 2 a% + 5A~Jf 2 - aJ^ + 5Aj* 2 )) + 

^(AT-5AI)+2^(AI- AT). (2.63) 

Further, plugging in (2.16) gives 

r\ - T 4 = 2*Re ((C 1 C~ 2 - 1 + 5\C 2 \ 2 r^)p 1 + (C^+ \C 2 \ 2 n)p 2 ) + 

4Tm (A 2 r\ - A x r\ + ddd 2 ) + 2CiC^Im (r^) + 2|C 2 | 2 (& 2 + 5^ - 2|n| 2 + t5\r 2 \ 2 ), 
T 2 - 5T 3 = 2iRe (SidCjrj + \d\ 2 n)pi + (ddn + S\C 2 \ 2 r^)p 2 ) + 

4ilm (5A 2 r* 2 - A x r{ + Sddd^ + 25\d\ 2 (b\ + (2.64) 

Equations (2.18), (2.26) are automatically satisfied, so we now have to use (2.36), (2.54) and 
(2.58). The remaining part of the proof goes as follows: first, in addition to (2.64), we will obtain 
two more relations for T a from (2.36) and thus determine them; further, in addition to the relations 
for A Q in (2.61), conditions (2.54) will give two more relations and thus fix A Q ; finally, in addition to 
the relations for Q in (2.62), (2.63), we obtain two more relations from (2.58) which will determine 
Q . It is clear from (2.61), (2.62) that the choice of T a , A a , Q determines the rest of the parameters 
as well. To get these extra relations (as well as for future applications) we need to find the expansions 



of $ a , ^ a completely (cf. (2.34), (2.45)). The calculations turn out to be so enormous that even 
writing down the final formulas would be extremely lengthy; therefore we only give here an outline 
of the procedure that allowed us to find these expansions. 

The coefficients in (2.35) can be found from (2.21) if one considers terms cubic in uj a ,uj^ there. 
Further, to determine terms containing 9 1 in the expansions of we need to find the expressions 
of \ a A 00 in (2.39). This is done analogously to the proof of (2.46): we use (2.41), (2.44) to 
get information about the expansions of dp\,dp 2 in terms of \ a , differentiate (2.33) and compare 
appropriate terms in both sides of the resulting equations. In addition to this, to find terms containing 
uj 1 A 6 s or 9 1 A 9 2 in the expansions of we use (2.20). Thus, we determine the expansions of 

completely, and at the same time the expansions of $ a (mod 9@), in particular, the coefficients 
in (2.53); we also determine the imaginary parts of the coefficients at uj 13 A 9 1 and obtain certain 
symmetries for the real parts of these coefficients. Further, (2.20) and the last unused terms in the 
differentials of (2.33) give all terms in the expansions of <3> Q except for the real parts of the coefficients 
at ui^ A 9~ f and for the terms containing uj 13 A9 y . To find more terms in the expansions of $° as well as 
some terms in the expansions of (in particular, terms in (2.57)) we use an analogue of the above 
procedure where the differentiation of (2.7) (i.e. equations (2.20)) is replaced by the differentiation 
of (2.12) and the differentiation of (2.33) is replaced by the differentiation of (2.38). 

Eventually we find all the terms in the expansions of $ a , except for the coefficients at 
u/y A 9 s in $ Q and coefficients at uj 1 A 9 13 , uP A 9 13 in \I/ a . All the coefficients that we have found are 
expressed in terms of r a , p a ,d a ,b a ,c a ,d a . An observation that is going to be important for future 
references is: if r\ = 0, r 2 = 0, p\ = 0, p 2 = 0, then d~ a = 0, b a = 0, c a = 0, d a = and 

n\ = 0, 

Q\ = Qui A 9, 

n° 2 = (pu + pw) a 9, 

where Q and P are 21- valued functions on P 2 . 

Now that we know the expansions for <3> a , we can determine all the parameters in (2.60). 
Namely, conditions (2.36) determine r!,r 3 , conditions (2.54) determine A!,A 3 , conditions (2.58) 
determine 9i, O3. This determines the right-hand side in (2.59) completely in terms of r a , p a , a a , 

ben Cq, d a . 

As one can see, most of the work in the above proof came from dealing with <f>p, pip, if) a . Since 
the difference L*cu — Ad(r])uj does not contain these forms, we may say that the form uj on P 2 is 
reasonably close to being a Cartan connection. 

The theorem is proved. □ 

3 Corollaries and Applications 

In this section we derive some corollaries from Theorem 1.1 and the construction of parallelism in 
Section 2. 

First, we discuss the question whether the sequence of bundles P 2 — > P 1 — > M actually reduces 
to a single principle bundle over M with structure group Aut , e (<5if)- 

PROPOSITION 3.1 Ifr\ = 0,r 2 = 0, then P 2 is a principle Au\ e (Q H ) -bundle over M. If, in 
addition, p 1 = 0, p 2 = 0, then the form uj is a Cartan connection on P 2 . 

Proof. Let x G P 2 be x = (9(y),Q_,u_,^) for y = 9(p) e P 1 , p G M, where 9 := (9~ 1 ,9~ 2 ), 
u := (J 1 ,^ 2 ), := ((f) 1 , (f) 2 ), 9(p) := (9 1 (p), 9 2 (p)), 9 = n u 9, for 9_ G ffi p , uj_ = vr 1 *^/) for some 



complex covectors lj : = (lj 1 ,^ 2 ) at p, (fi a are real covectors at y, vr 1 ^/) = p, 7i 2 (x) = y. Let an 
element rj e Aut , e ((5i?) be represented by matrix (1.2). We then define F v (x) as follows 



F v (x) := {6(tf),C- 1 &-2A8(tf),C- 1 &-2M^^ (3.1) 



where y' — C 1 C 1 0(p) and u£, (f>* are the pull-backs of the covectors u), respectively under the 
diffeomorphism $c of P 1 locally over a neighbourhood of p given by 

$c(D9(q)) = CCD9(q), 

for D E G 1 . 

It is now easy to check that (3.1) indeed defines an action of Aut , e ((5ij) on P 2 , provided r x = 
0,r 2 = 0. 

Further, one can derive an analogue of transformation law (2.59) for the form u under the action 
of Aut , e (Qff) on P 2 by the procedure described in Section 2. The transformation formula has the 
same form (2.59), but the error terms in the right-hand side turn out to be zero due to the identical 
vanishing of r a and p a , i.e. we get 

L*co = Ad (t])lo. 

The proposition is proved. □ 

REMARK 3.2 If r\,r 2 do not necessarily vanish, one can still define for any rj G Aut 0:e (Q H ) the 
mapping F v as 



F v {x) := \6.(y'), C~ V - 2A6{y'), C- l Ql - 2A0(y'),fr - 2iC~ x AQ^ + 2iC- l AQl - 4R6{y') + 



where t is determined by 

However, does not give a group action unless r a identically vanish. 

Next, we characterize CR-flat manifolds, i.e. manifolds for which the form Q in (2.32) vanishes. 

PROPOSITION 3.3 The form Q identically vanishes on P 2 if and only if M is locally CR- 
equivalent to Qh- 

Proof. First, we will explicitly calculate the bundles P 1 , P 2 and the forms cu, Q for Qh- To do 
this, we identify (-21,-22) and (u>i,u>2) with the matrices 

Z:=( Zl 6Z2 ) and W := ( Wl ^ 2 ) 

respectively and write the equation of Qh in the form 

V = ZZ, (3.2) 

with W = U + iV . Let the orientation of Qh be given by the form 9 := \{dU — iZdZ + iZdZ). For 
u := dZ we have 

d6 = iuj A TD. 



The bundle P 1 then consists of D9_ with D = CC for C e 21*. The tautological form 9 is given by 



9 = -D(dU - iZdZ + iZdZ 



2 

and therefore P 2 consists of coframes of the form 



x := (I, T~6 + CQ_, TO + CQ_, S6 + iCTu - iCTu - D^dD) , 

with T, C, S as in (1.4), CC = E, where u := \/DdZ (it is an easy exercise to prove the existence of 
a locally smooth operation of taking real square root on G 1 ). 
Now one can check that 

= -D (dU - iZdZ + iZd~Z) , 

u = TO + CVDdZ, 

£ = S9 + iCT\pDdZ — iCTv r Dd~Z — D~ x dD, 

= -{S -3iTT)e + 2iTu + iTu-CdC - ^D^dD, 

// = iT 2 T8 + ^{S — iTT)u — iT 2 u_ — dT + CTdC — -TD^dD, 

± = ^{S 2 -3T 2 T^)6 + {tST + TTi)ui+{-tST + T 2 T)Q_-dS - 
iTdT + iTdT + 2iCTTdC - SD~ l dD, (3.3) 

and all the functions r a , p a , d~ a , b a , c a , d a identically vanish. It now follows from (2.32) and (3.3) that 
for u) defined as in (2.31) its curvature form Q = 0. 

Now, if M is a Ci?-manifold with Q = 0, then P 2 locally can be mapped by a diffeomorphism 
onto a neighbourhood of identity in Aut e (Q#) in such a way that u transforms into the Maurer- 
Cartan form on Aut e (Q#) (see [Bt[|). Therefore, there exists a local diffeomorphism of P 2 to the 
corresponding bundle over Qh that preserves parallelism. By Theorem 1.1 this diffeomorphism is 
the lift of a local C-R-diffeomorphism between M and Qh, and thus M is locally CR-equivalent to 
Qh- 

The proposition is proved. □ 
We will now try to understand what proper analogues of chains in the case of hyperbolic and 
elliptic C-R-manifolds should be. We define the chain distribution on P 2 by 

u = 0, fi = 0. (3.4) 



This distribution is analogous to the one of Chern ||CM|| that, in the case of CR-co dimension 1, was 
used to define chains on M as the projections of the integral manifolds of the distribution. However, 
in contrast with [ CM |, distribution (3.4) may not be integrable. It follows from the expansions of $jg, 



$ Q , iff a that can be found as outlined in Section 2, that it is integrable if and only if the following 
conditions are satisfied (cf. Proposition 3.1): 

n = r 2 = 0, 

Pi = p2 = 0, (3.5) 

(note that the functions r a , p a are scalar CR- invariants). For manifolds satisfying conditions (3.5) 
one can project the integral manifolds of chain distribution (3.4) to M. The resulting two-dimensional 
submanifolds of M we call G-chains. 



It is clear from (2.23), (2.24) that conditions (3.5) are equivalent to 

r = 0, p = 0, (3.6) 

where r := r^, p '■— p\Pi- Elliptic or hyperbolic CR- manifolds satisfying (3.6) we call semi-flat. It 
follows from (2.6), (2.7), (2.32) that semi-flat manifolds are characterized by the curvature conditions 

Vll = 0, n 2 = 0. (3.7) 

Note that conditions (3.7) are always satisfied for the parallelism constructed in |pM|| . For semi-flat 
manifolds the main formulas in Section 2 reduce to matrix forms of Chern's formulas in the case of 
Ci?-dimension and CR-codimension 1. Namely, we have 

dO = iu A 57 + 9 A 0, 
du = uA(p + 9Ap, 

Re t = 2- 

d(p = 2Re (ip A u) + 9 A 

tt\ = 0, 

n\ = QuA 9, 

n° 2 = (pw + Tu) a 9, 

where Q and P are 21- valued functions on P 2 , and 

2 1 
p2 — A*lJ 

p\ = Spl, 

V = ^\ 
^ = ^\ 

^ = 8ip 3 , 
ip 8 = ip 1 . 

It follows from the proof of Proposition 3.3 that the quadric Qh is a semi-flat manifold. In the 
next proposition we describe G-chains on Qh- 

PROPOSITION 3.4 Any G-chain on Qh passing through the origin is the intersection of Qh with 
Z = AW for some A e 21. 

Proof. Formulas (3.3) imply that distribution (3.4) in the case of Qh is given by 

T9 + CVDdZ = 0, (3.8. a) 

^(TS + iT 2 Ty9 + dT = 0. (3.8.6) 

First we show that along the integral manifolds of (3.8) passing through points of the fibre of P 2 
over the origin, G := C-iTyfDZ is non-degenerate. To do this, we differentiate GG and plug in the 
resulting expression dZ and dT found from (3.8). It then easily follows that d\GG^ = and thus 
det \G\ 2 = const. Since det G ^ for Z = 0, G is non-degenerate everywhere. 



Next, it follows from (3. 8. a) that 

dZ = --TDG- x (dU + iZdZ + iZdZ). 

Therefore, to show that the projections of the integral manifolds of distribution (3.8) passing through 
points of the fibre of P 2 over the origin have the desired form, we need only prove that 

TDG~ l = const (3.9) 

along the integral manifolds of (3.8). To prove (3.9) we differentiate TDG^ 1 and by using (3.8) 

conclude that d{TDG~ r ) = 0. 

The proposition is proved. □ 
As we have seen, semi-flat manifolds possess some of the nice properties that were observed in 

||CM|| for manifolds of CR-codimension 1. The quadric Qh is an example of such manifolds. Many 

more examples come from considering matrix surfaces in C 4 , i.e. real-analytic surfaces locally near 

the origin given in the form 

V = ZZ+ J2 A klm Z k ZiU m , (3.10) 

k+l+m>2 

where A k - lm G 21, A k ~ lm — A lk - m , A 1 j Q = 0, and the power series in the right-hand side converges in 
a neighbourhood of the origin. The quadric Qh written in the form (3.2) is a matrix surface. 
Hyperbolic (5=1) matrix surfaces are easily described. Indeed, the mapping 

Z 1 = Z\ + Z2, 

Z% = Z\ — %2, 

w\ = Wi+W 2 , 

vj\ = W\ — w 2 , (3-H) 

maps a hyperbolic matrix surface into a direct product of real hypersurfaces in C 2 . In the next 
proposition we show that semi-flat hyperbolic manifolds can be characterized in a similar way. 

PROPOSITION 3.5 A semi-flat hyperbolic manifold is locally CR-equivalent to a product of 3- 
dimensional Levi non- degenerate C R-manifolds of codimension 1. 

Proof. It is not hard to show that a manifold M is semi-flat if and only if near every point 
p G M there exist complex 1-forms uj 1 ,^ 2 that at every point q are complex linear on T C (M), real 
1-forms O 1 ^ 2 whose common annihilator at every point is T C (M), real 1-forms <p l ,<f) 2 and complex 
1-forms A 1 , A 2 , fi 1 , fi 2 such that near p the following holds 

dO 1 = i(io l A^ + d^AJ 2 ) +6 1 A0 1 + 56 2 A(j) 2 , 

de 1 = i(u l a^ + ^a^ 1 ) +e l A<p 2 + e 2 a<p\ 

du 1 = oo 1 A\ 1 + 5lu 2 A\ 2 + 6 1 A^ + 56 2 A/i 2 , 
du 2 = u 1 AX 2 + u 2 AX 1 + 6 1 A^ 2 + e 2 Afi 1 , 

and (8 a , R,eu a , Imw a ) at every point form a coframe. Then, in the case of hyperbolic manifolds, the 
forms 

e 1 ' ■.= e' + e 2 , 
e 2 ' : = e 1 -e 2 , 



1' 

UJ 


i 

:= 


2 


2' 

UJ 


i 

:= uj 


-or, 


A? 
<P 


aX 
■= <P 


+ <P , 


J.2' 
<t> 


:= 


J.2 


A 1 ' 


:= A 1 


+ A 2 , 


A 2 ' 


:= A 1 


- A 2 , 


// 


:= / 


+ At 2 , 


// 


:= / 





satisfy 

/AA 2 ' + e 2 'A/. 
Formulas (3.12) now imply that the distribution 

e a ' = o, uj a ' 



de 1 ' 
dd 2 ' 

duJ 1 ' 
duJ 2 ' 



(3.12) 



0. 



for each a = 1, 2 is integrable and thus gives a foliation of M near p by 3-dimensional Levi non- 
degenerate CR-manifolds of C-R-dimension 1. Let M l ,M 2 be the leaves of the first and the second 
foliation respectively that pass through p. Then M is clearly CR-equivalent near p to the product 
M 1 x M 2 (see also Proposition 5.8 in ||Ch|| ). 

The proposition is proved. □ 

REMARK 3.6 If in the above proposition a semi-flat hyperbolic manifold M is in addition real- 
analytic, then M l ,M 2 are also real-analytic and therefore admit real-analytic CR-embeddings in 
C 3 as hypersurfaces ||AH|| . Mapping the image of the point p into the origin and applying the 



transformation inverse to (3.11) we see that M near p is CR-equivalent to a surface of the form 
(3.10), and therefore real-analytic semi-flat hyperbolic manifolds are characterized locally as matrix 
surfaces. 



4 Normal Forms 

In this section we consider real-analytic hyperbolic and elliptic Ci?-manifolds that by [|AH|1 can be 
assumed to be locally embedded in C 4 near the origin. We denote coordinates in C 4 by z := (zi, Z2), 
w := (wi,w 2 ), u := (ui,u 2 ) '■— (Re Wi, Re w 2 ), v := (fi,^) := (Im u>i, Im w 2 ). Let M be such a 
manifold and suppose that the coordinates are chosen so that T (M) is spanned by z, u and Tq(M) 
by z. Then M is given by an equation of the form 

v = H 5 (z,z) + F(z,z,u), 

where F is an M 2 - valued real-analytic function such that F(0) = 0, dF(0) = 0, q^^- (0) = 0. 

Important examples of hyperbolic and elliptic manifolds are matrix surfaces (3.10). As we noted 
in Section 3, transformation (3.11) maps a hyperbolic matrix surface into a direct product: 

Vi = N 2 + F x (2;i,zr,Mi), 

v 2 = \z 2 \ 2 + F 2 (z 2 ,z 2 -,u 2 ), (4.1) 



where F are real-analytic functions, F k {0) = 0, dF k {0) = 0, ^§=(0) = 0. In the elliptic case, the 
transformation 

z{ = zx+iz 2 , 

Z 2 — Z\ — IZ 2 , 
W$ = Wi, 

w* 2 = w 2 (4.2) 

maps the surface into a surface of the form 

V = z 1 zt + F(z 1 ,7j,U), (4.3) 

where U := u% + iu 2 , V := v 1 + iv 2 and F is a C-valued analytic function, F(0) = 0, dF(0) = 0, 
a ^^— (0) = 0. For convenience, we will use the forms (4.1), (4.3) for matrix surfaces instead of (3.10). 
Equations of hyperbolic and elliptic manifolds can be written in normal forms RLol| , [ES2|| that 



may be viewed as generalizations of the Chern-Moser normal forms for real-analytic Levi non- 
degenerate hypersurfaces in C n . Here we write them in a modified way as follows (the center of 
normalization is assumed to be at the origin). 

The hyperbolic normal form: 

v 1 -\z 1 \ 2 = N 1 (z,z,u):=Nl(z 1 ,z^,u 1 ) + N 2 1 (z,z,u), 

v 2 -\z 2 \ 2 = N 2 (z,z,u):=N 2 (z 2 ,z^,u 2 ) + N 2 (z,z,u), (4.4) 

where N± and N 2 are in the Chern-Moser normal form, i.e. 

Nj = 2Re {h{- 2 {u^zf) + £ h j kJ {Uj)Zjzf, 

k,l>2, 
k + l>7 

each monomial in N 2 contains at least one of the variables z 2 ,z 2 ,u 2 and satisfies the following 
conditions 

N 2kro = 0, k>l, 
N 2 \, = 0, 



dN 1 - 

UIy 2 k,l 

dz{ 
d 2 N l - 

u 2 2,1 

dz 1 dz 2 
^N 1 - 

2 2,2 



0, k>2, 
0. 
0. 



dz± dz^zi&z^ 

and Nf has the same properties as N 2 l above with interchanged indices 1,2. 



The elliptic normal form: 

V - z{z 2 -= N(z,z,u) := JVi(zi,25,W)+jV a (z,«,W,W), 



(4.5) 



where the real and imaginary parts of iVi(£,£, r), ( e C, r 6 K, are in the Chern-Moser normal 
form, each monomial in N 2 contains at least one of the variables z[, z 2 ,U and satisfies the conditions 

iV 2fci5 = 0, k>l, 
N 21J = 0, 



gjVg k ,T 

dz^ 
d 2 K 



2 2,1 



dzi dz 2 
dz 1 dz 2 &zi&z 2 



0, k > 2, 



0. 
0. 



We emphasize that in representations (4.4), (4.5) all other conditions of the normal forms from 
[Lol|| , |[bCS2|| are satisfied automatically. 



iV 1 

We call I J an d ^i i n (4-4), (4.5) respectively the matrix non- quadratic part of the normal 

form; ^ ^ an d N 2 the non-matrix part. We say that a normal form of a hyperbolic (resp. elliptic) 
surface M is a matrix normal form if iVg = Nf = (resp. A^2 = 0). 

PROPOSITION 4.1 Let M be a matrix surface given by a power series of the form (3.10) that 
converges in a neighbourhood Q of the origin. Then any normal form of M with center at any point 
of Q is a matrix normal form. 



Proof. We recall [ CM ] that for a real-analytic Levi non-degenerate hypersurface in C 2 given by 

v = \z\ 2 + G(z,z, u), 

with G(0) = dG(0) = £§(0) = 0, a normalizing mapping with initial data (c, a, r) (see [|Vfl for the 
definition) can be obtained in the form 

c{z + aw + <f){z,w)) \c\ 2 {w + ij)(z,w)) 
z ^ i ?T= 1 — , -i m ) w ^ i ^= 7 — , ., ,nx ) #(0) = dip(0) = 0, 



2iaz — (r + i|a| 2 )w' 

where the holomorphic functions <f), ip are uniquely determined by c, a, r and G. Analogously, for any 
set of initial data (C, A, R) |[Lol |, [ ES2 | we can find a mapping of the form 



Z i-> c(^Z + AW + $(Z, W)^ |# - 2iAZ -{R + iAA)W^J , d$(0) = 0, 
W i-> Cc(w + ^(Z,W)^j^E -2tAZ - (R + iA~A)w\ , dtf(0) = 0, 

that transforms M into a surface given in the form (3.10) with v4 fc g m = 0, A k j m = 0, A 22m = 0, 
A 2 j m = 0, v4 3 g m = for all fc,m. By transformations (3.11), (4.2) such equations are mapped into 
equations in the matrix normal form. 

It now follows from the uniqueness of normalization with prescribed initial data (see [Lo2| , ||ES2|| ) 
that any normal form of M with center at the origin is a matrix normal form. Since a transformation 



that maps a fixed point of into the origin can be chosen in the matrix form, any normal form of 

M with center at any point of Q is also matrix. 

The proposition is proved. □ 
Suppose M is given in normal form (4.4) or (4.5). We write the equation in a standard way as 

a sum of weighted homogeneous polynomials ||Lol| 1, pS2|| . Let v be the smallest weight for which 

there exists a nonvanishing polynomial in the non- matrix part of the equation. We define k(0) :— ~. 

Clearly, k(0) = if and only if M is in a matrix normal form. It follows from Proposition 4.1 that, 

for a matrix surface, k(0) = for any normalization. 

PROPOSITION 4.2 The number k(0) does not depend on the choice of normalization for any M. 

Proof. Without loss of generality we can assume that the differential of the renormalizing 
transformation at the origin is identical on Tq(M). We follow the scheme of normalization in ||hol 



[|ES2|| and split the transformation into a matrix and non-matrix parts. The non-matrix part begins 



with a term of weight > and the lowest weight of the new non-matrix part of the equation in 
normal form remains v. 

The proposition is proved. □ 
Moving the center of normalization, we define a function k on all of M. By Proposition 4.2, 
k is a holomorphic invariant. This invariant measures the "non-matricity" of the surface and is 
analogous to the CR-invariant functions r,p on P 2 from (3.6) that measure the "non-semi-flatness" 
of the manifold. 

We recall that a 2-dimensional real-analytic submanifold T C M through the origin is called a 
chain, if in some normal coordinates it is defined by {z = 0,v = 0} |[Lol|| , |[ES2 |. For example, such 



chains on quadrics (3.2) are the intersections of the quadrics with complex planes Z = AW for A G 21 
and thus coincide with G-chains by Proposition 3.4. Chains form a holomorphically invariant family 
and are defined by a mixed system of ODE's and PDE's. The main disadvantage of 2-dimensional 
chains as opposed the one- dimensional Chern-Moser chains, is that in general translations along 
2-dimensional chains spoil the normal form conditions. However, matrix manifolds are a class of 
manifolds with proper chains: chains on matrix manifolds are given by a matrix generalization of 
the Chern-Moser chains. More precisely, any chain on matrix surface (3.10) has the parametric form 
Z = P(U), W = Q{U) with P, Q satisfying certain equations 

D 2 P = &{DP,P,Q,U), 
D 3 Q = V(D 2 Q,DQ,Q,U), 



where the operator 



D :-- 



/I 5 1\ 

dui du2 

d d_ 

V du 2 dui / 



is a matrix analogue of J^. 

In Section 3 we defined G-chains on any semi-flat manifold, in particular, on any matrix surface. 
It follows from a matrix analogue of calculations on pp. 265-268 in | fJM| that, in the case of matrix 



surfaces, G-chains coincide with chains (note that Proposition 3.4 gives an independent proof of this 
fact for the quadrics) 



5 Final Remarks and Questions 



We conclude the paper with a list of questions related to this work that we believe are important for 
further study of the subject. 



1. Let if be a non-degenerate valued Hermitian form on C n and Qh the quadric in C n+k associ- 
ated with H . It is well-known that the algebra qh of infinitesimal automorphisms of Qh is a graded 
Lie algebra: qh = ®1=-29h PU> Pl| - Is it true that qh is isomorphic to the maximal prolonga- 
tion qh of ©° = _ 2 0/f in the sense of Tanaka (see |[lal|| )? So far, we have not been able to find any 
references on this matter except for the case k = 1 [[Xal|| and the situation considered in ||La|| , and 
we have produced proofs that give positive answers to this question for each of if 1 , if -1 , H° (here 
k — 2, n — 2). Note that qh is always isomorphic to a subalgebra of qh by a mapping that preserves 
grading.^ 



2. As we noted in the Introduction, every known result on the equivalence problem for Ci?-manifolds 
falls in one of the two types: strongly uniform manifolds or weakly uniform manifolds with certain 
generic Levi forms. It is a reasonable question whether these two groups of results treat in fact non- 
intersecting collections of manifolds. Namely, let M be a weakly uniform connected Ci?-manifold, 
p G M, and the Levi form at p is not in general position as in ||ES6|| ; is then M strongly uniform? 

One can ask a stronger question as follows. Let Qh 1 , Qh 2 be two irreducible (i.e. not equivalent 
to direct products) quadrics and Aut; inie (Q h 1 ) is isomorphic to Auti inje (Q H 2 ) in such a way that the 
isomorphism extends to an isomorphism between Auto^iQm) an d Auto, e (Q_ff 2 )- Suppose that at 
least one of Qh 1 , Qh 2 is not in general position as in |[ES6|| . Is it then true that H 1 is equivalent to 
H 2 1 



3. In Proposition 3.5 we characterized semi-flat hyperbolic manifolds. In particular, in the real- 
analytic case they turned out to be locally Ci?-equivalent to matrix surfaces. It would be interesting 
to obtain analogues of these facts for elliptic manifolds. In particular, is it true that a semi-flat 
elliptic real-analytic manifold is locally equivalent to a matrix surface? 

So far, we have been able to obtain only the following result that we mention below without a 
proof (cf. the proof of Proposition 3.5). 

PROPOSITION 5.1 Let M be a semi- flat elliptic manifold. Then there are two foliations Si,S2 
of M by complex curves such that for every point p G M, the complex tangent space to M at p is 
spanned by the tangent spaces to the leaves o/£i, S2 at p. 



4. The parallelism ui that we constructed in Theorem 1.1 is not in general a Cartan connection. 
Is it possible to find a parallelism that is at the same time a Cartan connection for hyperbolic and 
elliptic CR-manifolds and for general strongly uniform manifolds (cf. [|Tal| )? 

It can be shown that the parallelism u turns into a Cartan connection on P 2 with respect to 
the action of G 2 if and only if the manifold is semi-flat (cf. Proposition 3.1). Is it true that the 
existence of a Ci?-invariant Cartan connection on some other fibre bundle over a hyperbolic or elliptic 
Ci?-manifold M implies the semi-flatness of Ml 

One can introduce matrix manifolds whenever Ci?dim(M)=Ci?codim(M) by using matrix alge- 
bras other than 21 | ES7 |; can one construct Cartan connections for such manifolds? 

In |M[], ||GM|| Ci?-invariant connections {not Cartan connections) were constructed for certain 
weakly uniform CR-structures. In these cases the groups Auto, e (Q£(M)( P )) contain only linear au- 
tomorphisms given by certain diagonal matrices; thus to establish that the g^^^-valued forms 
|C1V1| ] are indeed connections, one needs to find a transformation law only with 
Note that although u from Theorem 1.1 is not a Cartan connection, 



constructed in 
respect to a very small group 



§ After this work had been completed, the first two authors proved that qh and qh are always isomorphic thus 
giving a positive answer to question 1. The proof will appear elsewhere. In the meantime sec [EI . 



it follows from the proof that its transformation law is in fact that of a Cartan connection if one acts 
not by the whole group G 2 on P 2 , but only by its subgroup containing linear automorphisms given 
by diagonal matrices as in flM| , ||GM|| .p] 



5. Are chains as defined in Section 4 the projections of some of submanifolds of P 2 that are 
tangent to chain distribution (3.4) at some point? 

6. It can be shown that if the chain distribution is integrable, then the manifold is semi-flat. 
Therefore, it is natural to ask the following question: suppose that, for a hyperbolic or elliptic real- 
analytic manifold M, all chains (that a priori are chains only at a single point) turn out to be chains 
at each point; is it then true that M is locally equivalent to a matrix surface? 
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